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ABSTRACT

Decomposition-based strategies, such as analytical target
cascading (ATC), are often employed in design optimization of
complex systems. Achieving convergence and computational ef-
ficiency in the coordination strategy that solves the partitioned
problem is a key challenge. A new convergent strategy is pro-
posed for ATC, which coordinates the interactions among sub-
problems using sequential lineralizations. Linearity of subprob-
lems is maintained using L., norms to measure deviations be-
tween targets and responses. A subproblem suspension strategy
is used to temporarily suspend inclusion of subproblems that do
not need significant redesign, based on trust region and target
value step size. The proposed strategy is intended for use in op-
timization problems where sequential linearizations are typically
effective, such as problems with extensive monotonicities, large
number of constraints relative to variables, and propagation of
probabilities with normal distributions. Experiments with test
problems show that, relative to standard ATC coordination, the
number of subproblem evaluations is reduced considerably while
maintaining accuracy.

1 Introduction
Optimal system design of complex products often encom-
passes several interacting subsystems and multidisciplinary anal-
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yses. Such problems may be solved with an all-in-one (AIO)
method in which the system is treated as a fully integrated sin-
gle problem. When the analysis models used at each optimiza-
tion iteration are computationally expensive or difficult to solve,
AIO may not be practical or reliable. In such cases, decom-
position strategies can be used: the problem is partitioned into
several sub-problems that are solved with an appropriate coordi-
nation strategy. Decomposition strategies are classified as non-
hierarchical or hierarchical. Non-hierarchical partitions often use
two levels: sub-problems, typically representing different aspects
(or disciplinary analyses), are optimized concurrently, while a
system-level problem coordinates the interactions between the
sub-problems [1-7].

Analytical target cascading (ATC) is an optimization method
for multilevel hierarchical systems typically partitioned into
physical subsystems or objects (see Figure 1) [8]. Each block
in the hierarchical structure is referred to as an element and is an
optimization sub-problem. An element can be coupled with only
one parent element but with multiple children elements. The in-
teractions among elements with the same parents, the so-called
siblings, are not linked directly to each other but are coordinated
by their parent. The linking variables between a parent and chil-
dren are design targets and analysis responses. Targets are set
by parents and propagated to their children; the children solve
a minimum deviation optimization problem to obtain responses
that are as close to the targets as possible. Thus, targets and re-
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Figure 1. Example of index notation for a hierarchically partitioned de-
sign problem [9]

sponses are updated and coordinated iteratively to achieve con-
sistent values within all elements where they appear.

ATC enforces consistency of values shared between ele-
ments by using penalty functions. The proper choice of penalty
functions and associated weights is critical for solution conver-
gence. For quadratic penalty functions, large weights are re-
quired to obtain accurate and consistent solutions [10]. Similar
to other decomposition strategies, ATC typically is more expen-
sive than AIOQ, if the latter could be used to obtain a solution,
due to the coordination overhead. Michalek et al. developed
an iterative method for updating weights, which finds minimal
weights to achieve a given level of inconsistency, especially im-
portant for problems with unattainable system targets [9]. Still,
the inner loop coordination, where the decomposed ATC prob-
lems are solved iteratively, is computationally expensive. To
address this, Tosserams et al. [11] introduced a separable aug-
mented Lagrangian penalty function and an alternating direction
solution method, resulting to significant reduction in computa-
tional cost. The original ATC problems were deterministic but
probabilistic ATC (PATC) problems have also been recently for-
mulated and solved [12, 13]. In such problems propagation of
uncertainty in nonlinear optimization problems makes computa-
tions very expensive. If normal distributions are assumed, such
propagation will be easy to compute if the problems were linear.
There are other situations where algorithms based on lineariza-
tions of nonlinear problems can be advantageous, for example
the presence of monotonicity and large number of inequality con-
straints [14, 15].

In this article, we employ sequential linear programming
(SLP) as an alternate coordination strategy to solve ATC prob-
lems: the elements in the hierarchy are linearized and the lin-
earized ATC is solved successively. The inspiration for the par-
ticular algorithm comes from recent SLP-filter implementations
on probabilistic optimization problems [16, 17]. In the proposed
algorithm, the linearized subproblems have significantly lower
levels of complexity and can be solved easily. Solving the lin-
earized ATC requires no system analysis function evaluation dur-
ing the inner loop coordination, and so the associated cost is rel-

atively small, especially for problems with expensive analyses.
Also, the analyses in the decomposed elements can be executed
concurrently. In addition to the SLP algorithm, a suspension
strategy, similar to that in [18], is used to avoid analyses of ele-
ments that do not need substantial redesign, for example, when
a child element has a weaker coupling to its parent than those of
the other children.

The article is organized as follows. In Section 2, SLP-based
ATC is formulated and the notational modifications on SLP-filter
algorithm are explained. Section 3 proposes the suspension strat-
egy for SLP-based ATC and explains the algorithm flow. Illus-
trative test examples are presented in Section 4, followed by con-
clusions in Section 5.

2 SLP-based ATC

In SLP-based ATC, a nonlinear ATC problem is linearly ap-
proximated and solved using the “standard” ATC strategy to ob-
tain the optimal solution of the Linearized ATC (LATC) prob-
lem. By solving LATC problems successively, the algorithm
converges to a solution of the original nonlinear problem with the
aid of a filter algorithm and trust region method [19]. To main-
tain linearity, the LATC formulation requires different penalty
functions than those used in other ATC formulations [11, 20].
Decomposition and relaxation errors lead to a modification of
the SLP-filter algorithms developed by Fletcher et al. [19]. The
details of LATC formulation are explained in Section 2.1 while
Section 2.2 discusses the proposed modifications.

2.1 Linearized ATC formulation
We consider an AIO system design problem similar to that
in Tosserams [11], expressed as

mxin F(x)
subject to g(x) < ey

h(x) =

)

)

where X is the vector of all design variables, f is the system ob-
jective function, and g and h are inequality and equality con-
straint functions, respectively. Even though the convergence
proof of the SLP algorithm in [19] is presented with only inequal-
ity constraints, the filter algorithm can be extended for problems
with equality constraints using a constraint violation function
similar to that defined in [21].

Assume that the AIO problem in Eq.(1) can be decomposed
hierarchically into M elements of N levels. Then the quantities
with indices ij are related to element j at level i (See Figure
1). Local design variables of element j at level i are indicated
as x;j, whose couplings with its parent are represented through
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target variables t;;, similar to [11], and response copies r;; are
introduced to make the constraint set fully separable. By assum-
ing that f(x) is also additively separable through the response
copies and introducing consistency constraints ¢;;, the modified
AIO problem is presented as:

' N
min Y Y fij(Xi))

X115 XNM i=1jET;
subject to g;;(X;;) <0,
hi;(%;;) =0, 2)
¢ij =t —r;=0,
where X;; = [X;j,rij, tpl, VkeE Gj

VjeE,i=1,..,N.

In Eq.(2), fij, gi; and h;; are the separated objective, inequality
and equality constraints of element j at level i, respectively; G;
is the set of the children of element j at level i, and Z; is the set
of elements at level i. Note that the solution from Eq.(2) solves
the original nonlinear problem Eq.(1).

For the SLP convergence argument presented in Section 2.2,
a linear approximation is applied before decomposition. Note
that applying the decomposition first will result in the same fi-
nal LATC formulation. The LP problem of the modified AIO

depends on the value of is) Vje E,i=1,...,N)at an SLP iter-
ation [ and trust region radius p{) (p() > 0), and is given by:

I()—((l))a(l)

) N
min Y Y i (%),

al)..a\), =1es

subject to VgiTj(ix.) )(_1@ +8ij

(
th(ifp)&g? +h;; (il(i)) =0,
O a0 Ao O
] < p®,
g') = [ ’(4{’3’7ds3’dg,-)+1>k]7

VjeE,i=1,..,N.

Cc

where d

In Eq.(3), the L., norm is used to define the trust region because
its implementation requires only simple bounds to the LAIO
problem.

Allowing inconsistencies amongst elements or relaxing the
consistency constraints ¢;; enable decomposition. Therefore, the
overall system can be consistent at convergence by minimizing
the deviation between elements, €;;, throughout the ATC itera-
tions. Previous ATC formulations utilize three types of relax-
ations that are added to the objective: quadratic penalty [8,9,20],

ordinary Lagrangian [22] and augmented Lagrangian relaxations
[11]. In this article, a weighted L., norm is applied in order to
maintain the linearity of the elements:

|[Wijo (tij —1ij) |l < € = max|wijo (ti; —1;j)| <&; (4

where the o operation indicates the component-wise multipli-
cation of two vectors such that {aj,...,a;}" o {by,....bx}T =
{a1b1 , ...,akbk}T. The outcome of W;j 0 (tij — rij) isalx mi;j
vector, where m;; is the number of components in t;; or r;;.
The right-hand-side equation is reformulated into a minimization
problem with 2m;; constraints:

min €;j

subject to 75,']' <w;jo (tij - I‘,’j) < él‘j, 5)

where ;; is a 1 X m;; vector of &;;. By combining Eq.(5) with
Eq.(3) as a relaxation term, the relaxed LAIO problem is given
by:

o £ VOS] 3 2 e
find d\,...dl,.e%, el
subject to VgiTj(iE;-))a,(Jl-) —+ gij(i,(jl')) <0,
vilx)a!) +n; ) =0,

ij 1 1
_é,(»;) < (wijo (tij +dy, —ry—dyp, ) <&
= (1
1] < p,
= 1 1 l
where dz(j) = [dﬁ(i})dﬁ‘[jvdi(,‘)ﬂ)k]’

VjeEi=1,..,N,

VkEij

Note that, unlike quadratic or augmented Lagrangian penalty
functions, most of the consistency constraints will remain inac-
tive unless €;; becomes zero. Therefore, we cannot use mono-
tonicity analysis [14] to incorporate the consistency constraints
into the objective function.

While the convergence property of ATC has been proven
based on quadratic penalty functions [20] and a modified La-
grangian dual formulation [23], the proof with a L., norm has yet
to be provided. To ensure a similar level of consistency in con-
vergence as in these other methods, slightly larger weights are
expected at the optimum because the L., norm used in this study
underestimates the deviation compared to a L, norm. It is impor-
tant to mention that a L, norm will provide the same result with
proper selection of weights at the system consistency (€;; = 0).

Copyright (©) 2007 by ASME



Optimization inputs

I . . .
i Optimization outputs
from parent: i
targets dti l 1 Tdrij
I

to parent:
responses
Subproblem LPjj
local variables dij
local deviations &ij, £(i+1)k Vk € Cij
local objective fij
local constraints gij,hij
1
dr(i+1)kT 1 ldt(m)k
1
from children: i to children:
responses ! targets

Figure 2. Information flow for analytical target cascading (ATC) subprob-
lem LP;; of Eq.(7) (modified from [11])

By decomposing the problem into separable elements, the
LATC subproblem LP;; of element j at level i is formulated as

m1an (X,J) &+ ZCS,H
ij

find dt]a£tja£(z+l) (l+1)n,,

subject to Vg,j(Xz/) ij +gu(i ) <

VT (%))di; + by (%i7) = -
—&; < (tij +dy; —ri; —dr~)§§ij,

=&k S{wo(t+de—r—de)} i < Eiripes
|ldijl| <p,

where d;; = [dy;, dx;;, e, ], VK€ Gy,

where iteration index [ is dropped for convenience. Information
flows to and from a subproblem LPF;; are presented in Figure 2.

With a proper selection of weights in ATC, deviation errors
become zero at convergence [20]. An important observation in
Eq.(7) is that the global and local convergence properties depend
on the size of trust regions and the scaling of design variables.
In other words, the size of the d; ;7 may be limited by the linking
variables if the scaling of the design variables is not appropriate,
which may cause the SLP algorithm to converge more slowly
than an AIO formulation.

2.2 Notational modifications of SLP-filter algorithm
In the SLP-filter algorithm presented by Fletcher et al. [19],
every LP solution is evaluated for the system objective and con-

straints in order to check that the solution is acceptable to the
current filter and the linear approximation is proper. Since the
system objective and constraints are separated into elements, an
equivalent system objective f, is required, and defined by:

N
Je(Xir,..Xvm) = f(2) = ¥ L fij(Xij). ®)
i=ljeE;
The equivalent predicted and actual reduction in f, (X1, ...,Xym)

are denoted as Al, and Af,, respectively, and calculated as

Al, :erT(illv )_(NM){aiuv‘“vaiNM}

9
= Z Y Vhd ©
i=ljeF;
Af. *fe(in, iNM)*fe(illﬁLalh ,Xnvm +dyw)
(10)
= Z Y fl/(xz/) Z Y .flj(xlj+dl])
i=ljeE; i=1jeE;

The terms in Eq.(9) and Eq.(10), including V f; fij(Xij) and
fij(Xij+ d; ), are easily and independently obtained from the de-
composed elements. Note that the deviation errors in Eq.(7) are
not included in either the predicted or the actual reduction calcu-
lation. Instead, they are treated as additional equality constraints,
and constraint violation functions 1 are expressed similarly to
those in [21,24],

N, Xvm) = |lg &ip) 1+ [[{hij (Rij), € (%)) H - (A1)

The term 1 replaces £ in the publications cited above to avoid
notational confusion; g; is a vector of constraint violation func-
tions, gt = max(0,g). The decomposed constraints, g;; (Xij)s
h;;(X;;) and ¢;j(X;;), can be obtained independently. Based on
the values in Eq.(8 -11), acceptability to the current filter F is
determined similarly to [19].

n S Bnl‘f or fe S (fe)if _mif7 vlf]: 6 .r]: (12)

A trial point {n, f.}, acceptable to ¥, is regarded as an f-type
iteration (improving f, with a possible increase in M), an n-type
iteration (reducing & with a possible increase in f,), or an unac-
ceptable point.

f-type iteration : A fe > GAlg) and Aly) > 8(1](1))2 (13)
P <3y (14)

not acceptable : otherwise. (15)

M-type iteration : Al
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Note that the top level target in Eq.(7) may not be attain-
able in the early iterations due to small trust regions. For prob-
lems with unattainable targets, relaxation in the LATC formu-
lation will result in arbitrarily small inconsistency deviations, if
weights are chosen appropriately [9]. Additionally, filters en-
sure that 1 converges to zero as SLP iterations continue. Thus,
the system inconsistency is minimized twice through LATC and
SLP-filter algorithms and the solution from Eq.(7) converges to
the solution obtained from the LAIO problem, Eq.(3).

While the convergence of LATC with a L., norm is not
proven directly, it can be readily proven that the sequence of so-
lutions of Eq.(3) converges to the solution of Eq.(2). Since the
solution from Eq.(2) equals the solution from Eq.(1), the equiva-
lence of solutions from Eq.(2) and Eq.(3) needs to be proven. Un-
der standard assumptions (the non-empty design space is well-
bounded and the objective and constraint functions are twice
continuously differentiable) the SLP-filter algorithm is proven
to converge to a Karush-Kuhn-Tucker (KKT) point or an ac-
cumulation point that satisfies a Fritz-John condition for prob-
lems without equality constraints [19]. The algorithm can be
readily extended to problems with equality constraints under a
Mangasarian-Fromowitz constraint qualification (MFCQ), an ex-
tended form of the Fritz-John condition in the presence of equal-
ity and inequality constraints [25,26].

If the standard assumptions are satisfied and the original
problem is compatible within a round-off error, the SLP filter
algorithm (A) finds a KKT point or (B) has an infinite subse-
quence of consecutive f-type or 1-type iterations [19]. Now we
will show that if (B) occurs, the algorithm converges to a feasi-
ble point and, if MFCQ holds, the set of directions s in Eq.(16)
is empty:

{s|s’Vf, <0, s'Vgs<0, s’Vh=0, s’Ve=0},(16)

where g4 is the active inequality constraints.

The trust region radius p(” decreases and ultimately p(l) —
0. When the trust region is reduced, a trial point will be found
that is acceptable, and either an f-type iteration or an M-type iter-
ation will occur. For the resulting p(!),

if pO) < (1 —0)e/M, then AL > oAll!,
(17)
if (p)2 < ) /mM, then n(x) +d®) < B,

where 0 < & < min{—(Vf{)Ts®), —(Vgg))rs(l)}ﬁ(l) = r_ni}l Ni»
e

m is the number of all constraints, and M is the upper

bound for |$d” (V2£,)d|, ||3d7 (V2g)d||, ||3d” (V?h)d||. and

||1d7 (V2¢)d| .. Also, s() is the unit vector of the projection of

d to the space spanning the equality constraints.

Let the sequence of x() of (B) converge to x*. From the as-
sumption that the objective function f, is bounded, the filter en-
velop test in Eq.(12) ensures Zn(”l) is bounded and n(l) — 0, so
x” is feasible [19]. The main sequence contains an infinite num-
ber of f-type or n-type iterations. Then we assume that MFCQ is
satisfied and consider the proposition (to be contradicted) that x*
is not a KKT point. Then, it is always possible to find a solution
of Eq.(3) with a trust region satisfying Eq.(18) from [19,21].

U] — (1) 0
n . (l—0)e ¢ ¢ o€ Bt
L vl bR v AR | ey R

where 0 < ¢l/) < —max{gg)} and al) > max{(Vgg))Ts}. g5
denotes the vector of inactive inequality constraints. For suffi-
ciently large [, it is not possible for any value of n!) < ep to sat-

isfy Eq.(14) since Al,(l) decreases monotonically as p decreases.
Thus, for sufficiently large [, f-type iterations are always gener-
ated. Then both left- and right-sides of Eq.(18) remain constant
because N and ©() are not updated. Therefore, for sufficiently
large I, Af, does not converge to zero. This contradicts the fact
that f, is bounded. Thus by contradiction, for a sufficiently large
1, the algorithm has an accumulation point that is feasible and is
either a KKT point or fails to satisfy MFCQ.

If the original nonlinear problem of Eq.(1) is assumed to be
well-bounded and have a solution, the sequence of solutions of
Eq.(3) should converge to the solution of Eq. (1) if targets and
responses are bounded. That is, if the decomposed systems are
coupled through variables that are well-bounded, the solution of
Eq.(3) converges to the point that satisfies the necessary condi-
tions for solving Eq.(1).

3 Suspension strategy for SLP-based ATC

Even though LATC and LAIO converge to a very similar
solution with small relaxation errors, LATC may require more
computations to obtain a converged solution than LAIO due to
coordination costs. During the LATC solution, however, the ob-
jectives and constraints are not evaluated. Indeed, in this study
we focus on the reduction in the number of function evaluations
during the SLP-based ATC algorithm, rather than improvement
of LATC performance, such as the convergence rate or deviation
errors in the ATC strategy. To this end, we take advantage of
decomposed design tasks.

Linking variables represent couplings between elements. El-
ements that are weakly coupled will likely be less sensitive to
linking variables than to local variables. Therefore, changes
in the target for an element that are sufficiently small will not
have significant impact on the system objective. In this case, the
change in the target can be neglected during a given iteration and
the element in the branch can be “suspended” from redesign (or
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a) unsuspended ATC hierarchy b) suspended ATC hierarchy

Figure 3. Examples of the unsuspended and suspended ATC hierar-
chies

evaluation) [18,27,28]. For example, let us assume that the step
size of ty in Figure 3 is considerably smaller than that of t;3 at
iteration k. Then the elements in the corresponding branch, in-
cluding Oy, O34 and Oss, can be suspended from evaluation for
(k+1) _(k+1) (k+1) . . .
fi; -8 ~andh;;" " and the values at iteration k are used in-
stead while the actual functions in the unsuspended element (e.g.

011, O23 and Os¢ in Figure 3) are evaluated to obtain Af, and 1.

The ATC with suspension strategy flowchart is shown in
Figure 4. The steps in the suspension strategy (solid boxes) are
described in more detail below.

Step A: Attempt to solve LATC()’;EJ{), p)

Eq. 7 is solved using a “standard” ATC strategy to obtain
(_1,(]1). If any elements in the system are incompatible, a feasibility
restoration phase is evoked in order to find a point that is both
acceptable and compatible. Once the LATC strategy converges
to a solution that is compatible, the step sizes are compared in
order to determine active and suspended elements in the next

step.

Step B: Apply suspension criteria
This step selects the set of elements that can be suspended
based on the step size of the solution’s targets from the previous

step. With the solution of element j at level i, the step sizes for
(1)

targets dt(i+l)k are compared. If a target to a child m satisfies
i
0 ] itk
g, )l <& Y~ (19)

keGj

then the elements in the corresponding branch are selected for
suspension. The parameter {; << 1 is chosen based on the de-
signer’s experience and NC;; is the number of children of element
Jj atlevel i. The suspension idea is similar to that in [18], and so
the modified global sensitivity equations (MGSEs) may provide
an estimation for the impact of the target changes that is accu-
rate enough to reduce iteration between steps B and C. In this

___________

-
! Enter feasibility

; Vs ,
S (.., restoration phase | 1 Update !
i Update ! { design re—
| design 1 Step A ' point
1 1
] 1

oint
Lo i |try to solve LATC(x). p©)

A

solution d?
incompatible v RS pmmm=beeeo

- -~ PC
ﬁ—*: \Qonvergeqz:> ' if !
_______ T~ oo gy — ,m !
el Hljal = o0
<opmunT> s § R S
Apply suspension criteria

Step C T e

v : p(l+1) \

1

reconnect (OO RO

try to solve LATC(x;., p = 2
suspended W ) (i) :__f)__/_,'
elements with suspension A
i v
N - -
Valid suspension?
VY N
Step D[  Evaluate TN~
unsuspended —::Acceptablez >
elements ST Y

Figure 4. Flowcharts of SLP-based ATC with suspension strategy

study, however, simple comparison on step sizes is used because
MGSEs may require additional function evaluations.

The predicted reduction without suspension Al, needs to be
obtained from the solution for validation at Step C.

Step C: Suspension validation

In this step, LATC is solved again after suspending the
elements selected in the previous step to estimate the effect
of suspended elements. The suspension can be readily imple-
mented by setting the responses of the suspended elements to

Zero (dg’_)+1 = 0). Once the solution is obtained, the predicted

reduction i)n fe with suspended elements AJ*® is calculated. If
A" > (rAl,, the suspension is assumed to be valid. The pa-
rameter {y < 1 is also chosen based on the designers experience.
Otherwise, the suspension is declared to be inadequate and some
of the suspended elements must be reactivated if more than two
elements are selected for suspension. After reactivation, LATC

is solved again until suspension is valid or all elements are active.

Step D: Evaluation

Only active elements are evaluated because the step sizes of
suspended elements are all set to zero in the previous step. For
the suspended elements, the values from iteration k can be used.
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The suspension criteria presented here, including the valida-
tion step, can be made conservative by setting {; — 0, {y — 1.
The numerical examples presented in Section 4 show that the
number of function evaluations saved by the suspension strat-
egy depends highly on the values of {; and {s. Also the con-
vergence of the suspension strategy is not guaranteed. How-
ever, the method remains attractive in design problems because
even if convergence is not attained, the intermediate solutions are
feasible and usually represent an improvement in the objective
function. Defining parameters ranges that guarantee both con-
vergence and reduction in function evaluations is a subject for
further research.

4 Numerical results

This section provides two test examples to illustrate the pro-
posed algorithm. Both examples have three elements: one at the
top level and two at the bottom level. One child element is more
weakly coupled to the top level element than the other since the
proposed suspension strategy is expected to be more effective on
problems whose elements have significantly different coupling
strengths.

In the examples, ATC problems are formulated from AIO
problems and solved with the SLP-filter algorithm. Results from
calculations with and without the suspension strategy are com-
pared to each other, and also to results from the original AIO
problems solved by SLP-filter and SQP algorithms.

4.1 Example 1: Modified Hock and Schittkowski Prob-
lem 34
Problem 34 in the classical test collection by Hock and
Schittkowski [29] is modified so that the problem can be decom-
posed into three elements. The original AIO problem is

subject to g1 = exp(x;) —xpx5 <0,
g2 =exp(x) —x3 <0, (20)
g3 = log(Sx%) —x5 <0,

ga=x2—10x <0,

where the lower and upper bounds of x are {0,0,0,0.01,0,0} and
{100, 100, 10, 100, 100,5}. The unique optimal solution is x* =
{2.79,2.30,10.00, 15.35,7.07,5.00} with all constraints active.
Eq.(20) is decomposed into one top-level element (O11) with
two children (O, and O3). The linking variables that couple
011 with O»; and O»3 are x; and x5, respectively. Then O1; min-
imizes the sum of system objective f and deviation errors €7

Table 1. Optimal solutions and number of redesigns for Example 1

number of redesigns

011 O O0»3 total

x*

LATC {2.79,2.30,10.00,15.35,7.07,5.00} | 56" 367 367 128F
LATC-SS | {2.79,2.30,10.00,15.35,7.07,5.00} | 56" 36" 177 1097

ATC {2.79,2.30,10.00,15.35,7.07,5.00} | 7777 164" 1547 10957
AIO-SLP | {2.79,2.30,10.00,15.35,7.07,5.00} 9g#
AIO-SQP | {2.79,2.30,10.00,15.35,7.07,5.00} 112%

T Element Oy contains one objective and two constraints while element O2)
and 0,3 include one constraint function.

# AIO problem contains one objective and four constraints.

and €3 with respect to Xj; = {x1,X4,%,,%x,€22,€23}, subject to
g1 and g3. 02, minimizes €, with respect to Xy» = {x3,7y,,€n},
subject to g2, while O;3 minimizes €3 with respect to Xp3 =
{x, rx5,823}, subject to g4. Parameters for the suspension strat-
egy are set to {; = 0.2 and {y = 0.8, and the initial trust region is
set to 20.

Table 1 summarizes the final solutions and the number of
function evaluations for each element obtained from the five al-
gorithms: LATC denotes the results obtained from the SLP-based
ATC strategy without suspension strategy, LATC-SS denotes the
SLP-based ATC strategy with suspension strategy, ATC denotes
the “standard” ATC strategy with a quadratic penalty function,
AIO-SLP denotes the SLP-filter algorithm solving the AIO prob-
lem and AIO-SQP denotes the SQP algorithm solving the AIO
problem. All algorithms converge to the same solution. The Lo,
norms of consistency errors for LATC, LATC-SS and ATC are
3.55x 10715, 1.78 x 10715 and 4.57 x 10710, respectively.

Note that element O requires three functions to be cal-
culated (f, g1, g3), while Oy and O3 require one function
(g2 and g4). If we define the computation cost of LATC to be
(3 x 56436+ 36) and use it as a baseline, then the normalized
computational costs of LATC-SS, ATC, AIO-SLP and AIO-SQP
are 0.92, 11.0, 2.04 and 2.33, respectively. Here we assume that
the computational cost of function evaluation is larger than that
of the coordination overhead.

The problem is monotonic for all design variables, and so
SLP algorithms have fast convergence. In addition to the effect of
monotonicity, decomposition reduces significantly the number of
computations by eliminating unnecessary gradient calculations.
The suspension strategy also reduces computations by reducing
the number of redesigns for O,3. Figure 5 shows the history of
target values for Oy, and O»3. The step sizes of x5 are sufficiently
smaller than those of x; at iterations 2, 3, 5, 7 and 9, and so O»3
is suspended at these iterations and the previous values of g4 and
Vg, are used instead.
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Figure 5. History of targets to element Oy and element O»3

4.2 Example 2: Allison’s structural optimization prob-
lem

The second example is a structural optimization problem
based on the analytical mass allocation problem of Allison et
al. [30] and Tosserams et al. [11] with some modifications: In
the hierarchy, the element at the second level (the middle bar) is
relocated to the top level and the other two are located at the bot-
tom level. The coupling strength between the second and third
rod is strengthed. The original AIO problem is

3 2
min Ymi+ Y m,
didrdsdndo 1 S0
subjectto g1, =05, -6 <0 i=1,2,3
82j=0aj—6<0 j=12

g3,iE(E_F‘i+l)_F‘t,i§0 l:172a3

ga=hH—-H<0
. 2D
hj=fi=fimi=frj=0 j=12
RL(F—F,
where m; = Zd?Lp, ©p; = %a
64L3 (F,—F; . .
fi= S =123
2 4F;
Myj = %deP, Ga,j = mgj ’
4Rl '
fr’j_nE,:jd%j j=12

where m; is the mass of beam i, m,; is the mass of rod j, Gp;
is the bending stress in beam i, 6, ; is the axial stress in rod j,
fi is the vertical deflection of beam i and f,; is the elongation
of rod j. Constraint limits for stress (&), transmitted force (F;)
and vertical deflection of beam 1 (f) are set to 127 - 106N/ m?2,
400N and 27mm, respectively. The equality constraints can be
solved explicitly to obtain > and F3. The length of beams

Table 2. Optimal solutions and the number of redesigns for Example 2

number of redesigns
011 Oy 03 total
LATC {34.62,34.84,25.22,40.11,37.52} | 445" 3297 2717 10457
LATC-SS | {34.62,34.84,25.22,40.11,37.52} | 486" 1277 2887 9017
ATC {34.62,34.84,25.22,40.11,37.52} | 8957 336" 506" 17377
AIO-SLP | {34.62,34.84,25.22,40.11,37.52} 547%
AIO-SQP | {34.62,34.84,25.22,40.11,37.52} 418*

x*

T Elements O, O2» and O3 contain five, six and three functions, respectively.

# AIO problem contains one objective and eleven constraints.

and rods L and the density of the material p are fixed to be
Im and 2700kg/m3, respectively. Similar to [11], 1000N is
vertically applied at the end of beam 1 (F; = 1000N). In or-
der to apply different coupling strengths, the Young’s moduli
of the beams and rods are set differently, such as £} = E; =
E,1 =70GPa, E3 = 700GPa, E,, = 7GPa. Therefore, the cou-
pling strength between beams 2 and 3 becomes significantly
stronger than that between beam 1 and 2. The lower and up-
per bounds of x are set to {0.001,0.001,0.001,0.0001,0.0001}
and {0.06,0.06,0.06,0.006,0.006}.

The local variables at the top-level element O are the di-
mensions of beam 2 and rod 2 (x1; = {d2,d,»}) while those
at the two bottom-level elements, Oy, and O»3, are the dimen-
sions of beam 1 and rod 1, and beam 3, respectively (x2; =
{di,d;1} and x3 = {d3}). Element Oy; is coupled with Oy,
and O3 through corresponding axial forces and deflections that
are {F», f>} and {F3, f3}, respectively. Then O1; minimizes the
sum of fi1 = my+m,> and deviation errors €3 and €53, subject to
812,822, 83,2 and hy 3. O minimizes the sum of fo = my +m,.;
and €, subject to g1,1, 82,1> 83,1, &4 and /’l1’1, while 0,3 min-
imizes the sum of f»3 = m3 and €53, subject to g1 3 and g3 3.
Since SLP-based algorithms are more effective when problems
are well-scaled, the diameters of beams and rods are multiplied
by 1000 and 10000, respectively. The scaled initial point is
x? = {30,30,25,30,30}. Parameters for the suspension strategy
are set to {; = 0.2 and {y = 0.8, and the initial trust region is set
to 0.4.

Table 2 summarizes the final solutions and the number of
function evaluations for each element obtained from the five al-
gorithms. The results show that the proposed algorithms con-
verge to the same solution obtained from the other algorithms
solving the AIO problem. The L.. norms of consistency errors
of LATC, LATC-SS and ATC are 6.21 x 107%, 1.65 x 10~* and
2.98 x 1073, respectively. Unlike the previous example, the ini-
tial point and initial size of trust regions affect significantly the
convergence of the SLP-based algorithms. The three elements
include different numbers of functions to be evaluated, and the
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Figure 6. History of targets to element Oy and element O»3

normalized computational cost of LATC-SS, ATC, AIO-SLP and
AIO-SQP are 0.81, 1.60, 1.31 and 1.00, respectively.

Without linearity and monotonicity, SLP-based algorithms
show no advantages over a sequential quadratic programming al-
gorithm. On the other hand, applying the suspension strategy
halves the number of redesigns in O, even though the number
of redesigns in the other elements increases slightly. Figure 6
shows the history of target values for O, and O,3. Since Oy
reaches the optimum within 10 iterations, this element is evalu-
ated only a few times during the remaining iterations until O3
converges to the optimum.

Tradeoffs between computational cost reductions in O3, and
increases in Oy and Oj3 are observed by varying {; and (.
Since the selection of {; and {; is based on user experience, a
more rigorous measure that is less sensitive to problem types
needs to be developed.

5 Conclusion

SLP-filter algorithms were introduced into an ATC formu-
lation to reduce computational costs for some problem classes.
The L. norm is employed to maintain linearity of the consis-
tency constraints. Since some of ¢;; cannot be active unless strict
consistency is satisfied, deviation errors €;; remain in the objec-
tive functions. Even if ¢;; may cause computational inefficiency
due to degeneracy when w;; and t;; — r;; are small, numerical re-
sults show that the effect is not substantial during the inner loop
coordination with sufficiently large w;;.

Some notation used in previous SLP-filter algorithm for-
mulations was modified here so that definitions are equivalent
to those in [19]. For convergence of the proposed LATC algo-
rithm, both convergence proofs of SLP-filter algorithms (Eq.(1)
and Eq.(3)) and ATC (Eq.(3) and Eq.(7)) need to hold. For the
first part of the proof, the convergence proof of SLP-filter algo-
rithm in [19] was extended to problems with equality constraints

and holds for the decomposed problems. But the second step of
the proof (ATC convergence) is not rigorously proven because
the effect of the L. norm on ATC convergence has yet to be
understood. The examples in Section 4 show that the proposed
SLP-based ATC converges to the solution accurately.

Decomposition enables suspension strategy to be used in or-
der to reduce the number of function evaluation taking advan-
tage of the properties of weakly-couple elements. Even though
the suspension criteria do not guarantee either reduced compu-
tational cost or global convergence, numerical experiments pre-
sented in Section 4 show 10 to 20% reduction in computational
cost with the proper selection of parameters based on normal-
ized computational costs depending on the balance of coupling
strengths. Results must be compared further with other ATC re-
laxation methods that have shown better numerical efficiency and
convergence, such as augmented Lagrangian functions [11].

The suspension strategy can be applied to other decompo-
sition methods, such as collaborative optimization. Suspended
elements are recognized as objects that do not need significant
design changes in a hierarchical decomposition. Suspended el-
ements in a non-hierarchical decomposition could be aspects or
disciplines insensitive to system design changes. Promising re-
sults from the examples give a limited demonstration of the SLP-
filter algorithms advantages. They warrant further investigation
of the method applied to more complex design problems, includ-
ing probabilistic optimization problems the original inspiration
for development of this method.
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