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ABSTRACT

Existing methods for design optimization under
uncertainty assume that a high level of information is
available, typically in the form of data. In reality,
however, insufficient data prevents correct inference of
probability distributions, membership functions, or
interval ranges. In this article we use an engine design
example to show that optimal design decisions and
reliability estimations depend strongly on uncertainty
characterization. We contrast the reliability-based
optimal designs to the ones obtained using worst-case
optimization, and ask the question of how to obtain non-
conservative designs with incomplete uncertainty
information. We propose an answer to this question
through the use of Bayesian statistics. We estimate the
truck’s engine reliability based only on available
samples, and demonstrate that the accuracy of our
estimates increases as more samples become available.
Finally, we use this information-based reliability
assessment to optimize the engine while maximizing the
confidence that the design will meet or exceed a pre-
specified reliability target.

INTRODUCTION

Deterministic design optimization does not account for
uncertainties that can affect system performance during
its lifetime and may come from various sources:
modeling approximations, manufacturing imperfections,
or unknown operating conditions. Due to these
uncertainties, deterministic optimization may result in
designs with poor reliability. To ensure that optimal
designs are also reliable, the design optimization must
account for uncertainties.

Reliability assessment, however, strongly depends on
the choice of representation for the uncertain quantities.
A popular approach is to quantify them probabilistically
as random variables. However, this quantification
assumes that a high level of information is available in
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the form of probability distribution functions (PDFs). In
many cases this assumption is not realistic; insufficient
data prevents correct inference of PDFs. Another
approach is to use intervals to represent the uncertainty
quantity. However, this approach is a worst-case
scenario-based approach that yields conservative
results. In practical design, information about uncertain
quantities is typically available as finite collections of
samples; for instance, from historical data, laboratory
simulation, or field measurements. This representation
constitutes incomplete information regarding the
uncertain quantities. The challenge is then how to obtain
an optimal and reliable design using this incomplete
uncertainty information appropriately without having to
resort to worst-case scenario analysis.

The rest of the article is organized as follows. In the
following section we use a hydraulic-hybrid powertrain
engine example to demonstrate design optimization
using two uncertainty representations: probabilistic and
interval. We show that the optimal and reliable design is
sensitive to different representations. Next we
demonstrate the use Bayesian statistics to estimate the
engine’s reliability based on finite samples. We then use
this information-based reliability assessment to obtain
the optimal and reliable engine design. The article is
concluded with a brief summary.

ENGINE OPTIMIZATION UNDER UNCERTAINTY

Our design example considers the engine of a
hybridized powertrain for a medium-sized truck.
Previous efforts for improving fuel economy of medium
trucks have shown that hybrid-hydraulic configurations
could yield fuel economy improvements of up to 47% for
a delivery truck [1] and 32% for a larger 6x6 off-road
tactical truck [2].

The engine design optimization problem of the hydraulic-
hybrid medium-sized truck is formulated as follows:



Given design parameters

maximize fuel economy

with respect to engine design variables

subject to satisfying performance constraints

The objective is to maximize fuel economy (measured in
miles per gallon) subject to three performance
constraints: 0-45 mph acceleration time should not
exceed 24 seconds, and maintain a maximum speed of
55 mph and 45 mph on 2% and 3% grade, respectively.
Preliminary studies have indicated that the acceleration
constraint dominates the maximum speed constraints,
so in this article we will focus on the former.

The baseline 6x6 all-wheel-drive truck is powered by a
246 KW six-cylinder, turbocharged, intercooled, direct
injection diesel engine and has a gross vehicle weight of
15,300 kg. A detailed description of the truck model
(including the embedded hydraulic system) is given in
[3]. VESIM, a high fidelity vehicle/engine simulation
environment [4], is used to evaluate fuel economy and
the performance constraints. The driving cycle used for
the simulation is depicted in Figure 1. The total
simulation real-time amounts to 2200 seconds, and
corresponds to a distance of approximately 25 km on a
network of primary, secondary, and cross-country roads.
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Figure 1. Driving cycle

The input list of the integrated VESIM simulation model
includes a large number of quantities related to the
hybrid powertrain and vehicle dynamics. To optimize the
baseline, the designer has to decide which of those
inputs to consider as design variables. The rest are held
fixed to the baseline values and are considered as
parameters. In this study we focus on the engine design.
Although the hydraulic system design affects the
performance of the hybrid powertrain, it is not included in
this optimization study because the acceleration
constraint must be satisfied assuming that only the
engine is driving the vehicle. Therefore, we use the
optimal hydraulic system design computed in a previous
deterministic optimization study. Four engine design
variables are selected to represent the engine design,
and four parameters with the highest impact on the
truck’s fuel economy and performance are identified [5].
The bounds of the design variables and the nominal
values of the design parameters are summarized in
Table 1. They will all be considered uncertain in the
following design optimization and reliability assessment
case study.
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Table 1. Design variables and parameters

Lower | Upper

Design variable bound | bound

Displacement (L) 6 9
Compression ratio (-) 12 17
Boost pressure (bar) 1.87 2.55

Wastegate activation speed (RPM) | 1000 1600

Design parameter Nominal value

Injection timing ("ATDC) 350
Frontal area (m®) 7.5
Transmission efficiencies (-) 0.94

Differential and rolling resistance

scaling parameters (-) 1.0

In the presence of uncertainty, the design optimization
problem must be modified. Next we optimize the engine
design using two representations of the uncertain
quantities (variables and parameters): probabilistic and
interval.

PROBABILISTIC APPROACH

In this approach we assume that we have sufficient
information and data to associate the uncertain
quantities with probability distributions. Uncertain design
variables and parameters are then modeled as random
variables. Terminology becomes somewhat tricky: for
simplicity, we will use the terms random design variables
and random design parameters to distinguish between
uncertain optimization variables and parameters that are
modeled as random variables.

The probabilistic design optimization problem of the
truck’s engine is formulated as

Given probability density functions of
random design variables and
random design parameters
maximize expected value of fuel economy
with respect to mean values of random design
variables
probability of satisfying performance
constraints is greater than some value

subject to

Mean values of random design variables are chosen as
variables in this optimization problem, and a first order
approximation around the mean values of the random
design variables and parameters is used for the
expected values of the fuel economy. This problem can
be solved using many appropriate methods to yield an
optimal design that corresponds to the required reliability
level specified by the designers [6, 7]. We use the so-



called single-loop method [8], an efficient method to
solve reliability-based optimization problems.

In [5], we considered the case where all random
variables are assumed to be normally distributed. The
standard deviations of the random design variables and
the means and standard deviations of the random
design parameters were identified with the help of the
simulation model developers, and are summarized here
in Tables 2 and 3. The probabilistic design problem was
solved and the results were reported. In this article we
assess the impact of incomplete information on design
decisions.

Table 2. Standard deviations for random design

variables
Random Design Variable c
Displacement (L) 0.025
Compression ratio (-) 0.1
Boost pressure (bar) 0.1
Wastegate activation speed (RPM) 50

Table 3. Means and standard deviations for random
design parameters

Random Design Parameter il c
Injection timing (CATDC) 350 1
Frontal area (m?) 7.5 0.75
Transmission efficiencies (-) 0.94 0.02
Differential and rolling resistance

. 1.0 0.1
scaling parameters (-)

Specifically, let us assume that the knowledge or
information used in [5] to infer normally distributed
random variables was insufficient, and let us
hypothesize that they are all, say, uniformly distributed.
To keep things relatively comparable, let us define the
uniform distribution parameters of the random variables
such that the ranges of attainable values correspond to
the pn+2c ranges of the normally distributed variables.
These parameters are summarized in Table 4.

Table 4. Uniform distribution parameters for random
design variables and random design parameters

Random Design Variable or
Parameter

Displacement (L) p-0.05 [u+0.05

Compression ratio (-) u-02 |[p+0.2

Boost pressure (bar) u-02 | p+0.2

Wastegate activation speed (RPM) |p-100 | p+ 100

Injection timing (CATDC) 348 352
Frontal area (m®) 6 9
Transmission efficiencies (-) 0.90 0.98

Differential and rolling resistance

scaling parameters (-) 0.8 1.2

The probabilistic problem was solved again and optimal
designs were obtained for different reliability target
values. There is not much value in reporting the
obtained values of the design variables (the mean
values of the random design variables) since it was
expected that they were going to be different than the
ones obtained assuming normally distributed random
variables. Instead, we present the quantified tradeoffs
between optimality and reliability in Figure 2. The
assumption of uniformly distributed random variables
yields larger engine designs, which means less fuel
economy. It is also interesting to see that the nonlinear
behavior of the tradeoff curves is different.
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Figure 2. Nonlinear fuel economy-reliability tradeoffs

INTERVAL APPROACH

Let us now assume that we have very limited information
or data, so that we cannot (or should not) infer
probability distributions. Instead, we can only assume
that the uncertain quantities can take any value within an
interval. Note that this is not equivalent to assuming a
uniform distribution as it does not imply that the
probability of taking a specific value in a range is equal
to any other value within that range. Mathematically,
interval representation of the uncertain quantities is part
of possibility theory [9]. In this case study we assume
the lowest level of information with a=0 corresponding to
the widest interval of the uncertain quantities [10].
Tables 5 and 6 include the assumed intervals for the
uncertain design variables and parameters. These



intervals were chosen to be able to be contrasted with
the ones of the probabilistic approach.

Table 5. Assumed uncertain design variable intervals

Variable Range

Displacement (L) nominal + 0.05

Compression ratio (-) nominal + 0.2

Boost pressure (bar) nominal £+ 0.2

Wastegate activation speed (RPM) | nominal £ 100

Table 6. Assumed uncertain design parameter intervals

Parameter Range
Injection timing ("ATDC) 348 - 352
Frontal area (m?) 6.0-9.0
Transmission efficiencies (-) 0.90 - 0.98
Differential and rolling resistance
. 0.8-1.2
scaling parameters (-)

Using this interval representation for the uncertain
quantities, the design optimization problem is modified
as

Given intervals of design parameters
and intervals around nominal
design variable values

maximize minimal fuel economy

with respect to nominal design variables

subject to maximal acceleration time is less

than 24 seconds

Nominal values of the interval design variables are used
as variables in the optimization problem. The objective is
to maximize the worst-case value of the fuel economy
while ensuring that the worst-case acceleration time
satisfies the requirement. These worst-case values are
obtained by solving two inner-loop optimization problems
(also called “anti-optimization” problems [11]) so that the
overall design optimization problem is a nested problem
(double-loop). The DIRECT optimization algorithm [12] is
used to solve this double-loop problem to maximize the
likelihood of converging to global optima for both the
outer and inner problems. Table 7 reports the obtained
optimal engine design nominal values. More cases and
detailed results are presented in [13, 14].

Table 7. Optimal design nominal values obtained using
interval representation of uncertain variables and

parameters
Uncertain Design Variable Optimal nominal
value
Displacement (L) 7.57
Compression ratio (-) 16.77
Boost pressure (bar) 2.34
Wastegate activation speed (RPM) 1226

The optimal design has been obtained considering the
worst-case scenarios for both the fuel economy and
acceleration time. To obtain their best-case scenario
values, and thus the complete ranges of fuel economy
and acceleration time within the intervals, the problem is
solved one more time with reversed inner-loop
objectives (maximal fuel economy and minimal
acceleration time). Table 8 includes the intervals
obtained for fuel economy and acceleration time and the
associated variable and parameter values.

The information in Table 8 can be quite useful to the
designer. For example, it can be seen that the same set
of parameter values are adversary or beneficial to both
fuel economy and acceleration time. Thus if the
designers can allocate resources to reduce or control
uncertainty, they know which parameter values to strive
for. On the other side, it can be observed that engine
displacement and wastegate activation speed extremes
benefit or degrade either fuel economy or acceleration
time, but not both simultaneously, while engine
compression ratio and boost pressure extremes benefit
or degrade fuel economy and acceleration time
simultaneously.

Table 8. Obtained fuel economy and acceleration time
intervals and associated variable and parameter values

Min fuel | Max fuel | Min acc. | Max acc.

economy | economy | time time
5.78 mpg | 7.13 mpg 16s 24 s
Displ. (L) 7.62 7.52 7.62 7.52

Comp.ratio (1) | 1657 | 1697 | 1697 | 16.57

Boost pres. (bar) | 2.14 2.54 2.54 2.14

Waste. act.

speed (RPM) 1126 1326 1126 1326

Injection timing

(°ATDC) 352 348 348 352

Front. Area (m?) 9 6 6 9




Transmission

efficiencies (-) 0.90 0.98 0.98 0.90

Rolling res./diff.

scaling (-) 1.2 0.8 0.8 1.2

REMARKS ON THE PROBABILISTIC AND INTERVAL
APPROACHES

Although the probabilistic and interval approaches
cannot be compared directly, we observe that the
optimal design of the interval approach is very close to
the optimal design of the probabilistic approach with a
99.3% reliability level. This demonstrates that optimal
designs obtained using the interval approach tend to be
conservative. It is also interesting to note that the
approximate expected fuel economy value in the
probabilistic approach at 99.3% reliability (6.45 and 6.35
mpg when assuming normally and uniformly distributed
random variables, respectively) is very close to the
midpoint of the fuel economy interval in the interval
approach.

The interval approach provides a range that bounds the
possible attainable values of the fuel economy while the
probabilistic approach yields a single value, namely the
approximate expected value of the fuel economy.
Similarly, the probabilistic approach assures that design
constraints will not be violated with a specific amount of
confidence associated with prespecified reliability levels,
while the interval approach excludes the possibility of
constraint violation at the expense of a more
conservative design. Moreover, it provides the range of
attainable acceleration time values.

Since the interval approach yields a conservative
optimal and reliable design, it may be thought that the
probabilistic approach is preferred. However, this is the
case only if we have a relatively large amount of data to
properly infer PDF’s of the uncertain quantities. In
practical situations, the amount of data available is
typically limited to a handful of samples due to cost or
time constraints. Constructing a PDF from a small set of
data should be avoided since it may result in highly
erroneous analysis. The challenge is then how to design
an optimal and reliable engine using this limited data
sample without having to resort to either conservative
worst-case analysis or inferring PDF’s.

FINITE SAMPLES APPROACH

If we have sufficient data to infer PDF’s of the engine’s
uncertain variables and parameters, we can calculate
performance reliability of the engine design precisely as
a single value. When data is limited, however, then it is
not possible to assess reliability of a design with such
precision. Instead, we can only calculate a distribution of
the performance reliability in which some values may be
more likely than the others. Precision of this distribution
estimate depends on the number of data samples

available: the larger it is, the better the reliability estimate
becomes. This correlation can be calculated
mathematically using Bayesian statistics [155, 166].

For this portion of the case study we assume that there
are not sufficient data to infer PDF’s of the displacement
and compression ratio design variables. Instead, N finite
samples of their random values are collected through
simulations and measurements. The other design
variables and parameters are modeled as normally
distributed random variables (according to Tables 2 and
3). As a demonstration, Figure 3 shows the change in a
reliability estimate of a nominal engine design as the
number of data samples increase. The design variable
values of the nominal engine under consideration are:
displacement=6L, compression ratio=17, boost
pressure = 2.55 bar, and wastegate activation
speed = 1200 RPM. Figure 4 shows the 95% credibility
interval of the estimate for different values of N.
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Figure 3. Improved reliability estimate with increasing
data
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Figure 4. 95% credibility interval of the reliability estimate

We see in Figures 3 and 4 that the reliability estimate of
the nominal engine design for N = 5 is rather poor. With
this low number of available samples, reliability of the
engine is estimated with 95% credibility to be between
0.5 and 1.0. As the number of samples increase,
however, the reliability estimate becomes more precise.



For N = 10 and 20, the 95% credible interval of the
estimate reduces to within [0.65,1.0] and [0.8,1.0],
respectively. For a very large number of sample (N =
1000), we see that the reliability estimate converges to a
single value of 0.97. This is the actual reliability of this
engine design.

Because we can only obtain a distribution of reliability
estimates for an engine design, in the design
optimization it is not possible to determine with certainty
whether or not an engine satisfies the reliability
threshold specified by the designers. Rather, we can
only calculate the probability that reliability of an engine
will meet or exceed the threshold value. This probability
is called the confidence in the design. Using this
confidence measure, the design optimization problem of
the hydraulic-hybrid medium-sized truck is formulated as

Given finite samples of the random

design variables and parameters
maximize expected value of fuel economy
maximize confidence in design’s reliability
with respect to random design variables

Notice that the design optimization problem now has two
objectives: one is to maximize the expected value of the
fuel economy, and the other is to maximize the
confidence that the optimal design will satisfy the
reliability threshold. Solving this optimization problem will
in general result in a set of optimal engine designs,
instead of just one optimal design. The maximum
attainable confidence of the optimal designs also
depends on the level of available data, i.e., the number
of samples. It increases as N increases. Figure 5 shows
the optimal engine designs of the truck for different
number of N. The threshold reliability value for this
particular design optimization problem is specified to be
0.95.

As can be seen in Figure 5, there is a tradeoff between
fuel economy of an optimal engine design and
confidence in its reliability. For all values of N, the
highest fuel economy that can be achieved is 6.82 mpg.
However, the confidence of this optimal design is zero,
indicating that this particular engine design does not
meet the specified 0.95 reliability level. As the
confidence in the optimal design’s reliability increases,
the fuel economy decreases. Another important
observation from Figure 5 is that the maximum
attainable confidence of the optimal designs increases
as N increases. For N = 5, the maximum confidence is
rather low at 0.26; however, it increases to 0.43, 0.66,
and 0.99 for N = 10, 20, and 100, respectively. It is also
seen that approximately 100 data samples are needed
in this optimization problem to achieve nearly 100%
confidence in the optimal engine design’s reliability.
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Figure 5. Confidence-optimality tradeoffs for increasing
N

SUMMARY

In this article we have shown how uncertainties impact
the design decisions for a hybrid-hydraulic engine
optimization. Failing to account for uncertainties yields
optimal designs associated with poor reliability.
Moreover, accuracy of reliability assessments depends
on the characterization of the uncertain design variables
and parameters, which in turn depends on available
information.

If a sufficiently high level of information is available (e.g.,
in form of data), then probabilistic representation
provides the most complete picture of an engine
design’s reliability. In practice, however, data regarding
the uncertain quantities is usually limited due to cost or
time constraints and can lead to inferring erroneous
probability distributions. In this situation, interval
representation should be used to obtain the worst- and
best-case scenarios of an engine’s fuel economy and
performance. However, worst-case optimization typically
results in conservative designs. One way to bridge this
gap is to characterize the uncertain quantities as finite
samples, and then use Bayesian statistics to get an
estimate of the engine’s reliability. A very useful feature
of this approach is that it provides a direct link between
the precision of the reliability estimate and the level of
available information. As the number of samples
increases, the estimate becomes more precise. When
used to optimize the hydraulic-hybrid truck’s engine, this
approach yields a set of optimal designs which trade off
between fuel economy of the engine and the confidence
that the optimal engine design meets the specified
reliability target values.
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