
1

c
D
d
t
r
c
r
t

r
g
s
c
s
e
w
c
a
a
r
a
r
d
s

c
p
�
�

p
2
P
C
C

1

Subroto Gunawan1

Research Fellow

Panos Y. Papalambros
Professor

e-mail: pyp@umich.edu

Department of Mechanical Engineering,
University of Michigan,

Ann Arbor, MI 48109

Reliability Optimization With
Mixed Continuous-Discrete
Random Variables and
Parameters
Engineering design problems frequently involve a mix of both continuous and discrete
random variables and parameters. However, most methods in the literature deal with
only the continuous or the discrete type, but not both. In particular, no method has yet
addressed problems for which the random components (variables and/or parameters) are
categorically discrete. This paper develops an efficient optimization method for problems
involving mixed continuous-discrete random variables and parameters. The method re-
duces the number of function evaluations performed by systematically filtering the dis-
crete combinations used for estimating reliability based on their importance. This impor-
tance is assessed using the spatial distance from the feasible boundary and the
probability of the discrete components. The method is demonstrated in examples and is
shown to be very efficient with only small errors. �DOI: 10.1115/1.2406085�
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optimization (RBDO)
Introduction
Engineering design problems frequently involve a mix of both

ontinuous and discrete variables and parameters that are random.
ue to this inherent randomness, characteristics of a design may
iffer significantly from their nominal values. As such, when op-
imizing the design it is important to ensure that it is feasible
egardless of the randomness. An optimization approach that ac-
ounts for design feasibility under random condition is commonly
eferred to as reliability based design optimization �RBDO�. The
erm feasibility robust optimization is also used.

Randomness in the continuous components �variables or pa-
ameters� of a design may be due to variations in the design’s
eometry, material properties, or operating environment. For in-
tance, yield strength of steel is typically random. The discrete
omponents of a design may also be random for numerous rea-
ons: changes in lifetime operation or manufacturing error. For
xample, some of the teeth in a gear may wear out and break
ithin its design lifetime. Similarly, during the operation of a fuel

ell system �FCS� some of the cells may fail for various reasons,
nd the number of failed cells is discrete and random. The gear
nd FCS examples involve the so-called “categorically discrete”
andom components because values between the discrete jumps
re not defined �e.g., there is no gear with 8.3 teeth�. A discrete
andom component can also result from limiting a continuous ran-
om component to a set of values. For example, thickness of a
heet metal is typically discrete due to manufacturing practices.

Research in RBDO focuses almost entirely on problems with
ontinuous random components. The two most popular ap-
roaches in continuous RBDO are the reliability index approach
RIA� and its inverse, the performance measure approach �PMA�
1–6�. These methods use the first-order reliability method
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�FORM� and the second-order reliability method �SORM� to cal-
culate the reliability of a design �7–10�. RIA and PMA are both
nested-loop algorithms and as such not very efficient computa-
tionally. Many methods have been developed to improve their
efficiency including the safety-factor approach �SFA� �11�, the
most probable point �MPP� importance sampling method �12�, the
sequential optimization and reliability assessment �SORA�
method �13�, the single-loop method �14�, and many others. A
comparative study of SFA and SORA is given in Ref. �15�. There
is also considerable research in the moment matching methods,
also known as the first-order second moment �FOSM� approach.
As the name indicates, these methods use first and second order
derivatives to estimate the mean and variance of the propagated
uncertainty, respectively �16–18�. There are also continuous
RBDO methods that do not directly fall into the RIA/PMA or
FOSM categories �19–21�.

Some work in RBDO for discrete random components is based
on Taguchi’s methodology in robust design �22,23�. However, as
of the writing of this paper, methods for RBDO with mixed
continuous-discrete random components are virtually nonexistent.
There is only one paper in the literature dealing with this type of
RBDO problem for optimization of structures �24�. In this work,
the authors convert the discrete part of the random components
into continuous ones via addition of equivalent constraints, and
use continuous RBDO techniques to solve the problem. This ap-
proach is not applicable to problems whose discrete random com-
ponents are categorical �the number of gear teeth for instance�.
Also, reliability values calculated by this approach are somewhat
ambiguous because the calculation is performed for a continuous
probability distribution that does not necessarily reflect the dis-
crete probabilities. There is a related work in RBDO for a mix of
random and interval components �25�, but the method cannot be
extended to a mix of continuous-discrete random components.

The objective of this article is to develop an efficient RBDO
method for problems involving a mix of continuous-discrete ran-
dom variables and parameters. We use a probabilistic approach
and assume that the relevant probabilities are known, and that the
random components are independent. The work focuses strictly on

design reliability in terms of the constraints of the optimization

2007 by ASME Transactions of the ASME
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roblem, and objective robustness is not considered. The rest of
he paper is organized as follows. Section 2 provides the math-
matical formulation of the mixed continuous-discrete optimiza-
ion problem of interest. Section 3 presents three methods to cal-
ulate mixed continuous-discrete reliability of a design. Section 4
emonstrates the application of the method developed with two
xamples. The paper concludes with a short summary in Sec. 5.

Problem Formulation
Consider the deterministic mixed continuous-discrete optimiza-

ion �MCDO� problem in Eq. �1�

minimize
x=�xc,xd�

f�x,p�

subject to: gj�x,p� � 0, j = 1, . . . ,J

where: xL
c � xc � xU

c

xk
d � Zk � R1, k = 1, . . . ,nd

p = �pc,pd� �1�

n this formulation, the design variables x vary during optimiza-
ion, while the design parameters p are fixed. The variable x con-
ains nc continuous components xc= �x1

c , . . . ,xnc

c � and nd discrete

omponents xd= �x1
d , . . . ,xnd

d �. The continuous variables are

ounded by xL
c �xc�xU

c , while each discrete variable xk
d, k

1, . . . ,nd, takes values from a set Zk whose number of elements
s Ak. Similarly, the parameter p contains mc continuous compo-
ents pc= �p1

c , . . . , pmc

c � and md discrete components pd

�p1
d , . . . , pmd

d �. We assume there is no equality constraint because
eliability in this context is defined only for inequality constraints.

In mixed continuous-discrete reliability optimization
MCDRO�, uncertainty in the problem is modeled as randomness
n variables and parameters, Eq. �2�.

minimize
�X=��Xc,�Xd�

f��X,�P�

subject to: Pr�gj�X,P� � 0� � Rj, j = 1, . . . ,J

where: X = �Xc,Xd� and P = �Pc,Pd� �2�
or this problem, the probabilistic constraints are calculated based
n the random variables X= �Xc ,Xd� and random parameters P
�Pc ,Pd�, and Rj is the desired reliability of the jth constraint

pecified by the designer. The probabilistic constraint can be writ-
en also as Fgj

�0��Rj, where Fgj
is the cumulative distribution

unction �CDF� of gj. Since we are not considering objective ro-
ustness, minimization of the objective is performed with respect
o the mean values of the random variables �X, given fixed mean
alues of the random parameters, �P. The solution to Eq. �2� is a
esign that is both optimal and satisfies the reliability constraints,
imply called the reliability optimum. For simplicity of discus-
ion, we assume there is no deterministic variable or parameter.

Randomness in X and P is modeled as follows. Each continu-
us random variable Xi

c, i=1, . . . ,nc, is assumed randomly distrib-
ted with a known probability density function �PDF� fXi

c. Like-

ise, each continuous random parameter Pi
c, i=1, . . . ,mc, is

ssumed randomly distributed with a PDF fPi
c. The kth discrete

andom variable Xk
d, k=1, . . . ,nd, is assumed discretely distributed

round its mean value within a set Wk�Zk with a known prob-
bility mass function �PMF� fXk

d. The number of elements in Wk is

k�Ak. Similarly, the kth discrete random parameter Pk
d, k

1, . . . ,md, is assumed discretely distributed within a set Sk
R1 with a known PMF fPk

d. The number of elements in Sk is Ck.

ll random variables and parameters are assumed independent.

ournal of Mechanical Design
For convenience we define two vectors Yc= �Xc ,Pc� and Yd

= �Xd ,Pd� to be the continuous and discrete random components
of the MCDRO, respectively. The number of discrete components
in the problem is then �nd+md�, while the number of continuous
components is �nc+mc�. There are �nd+md� discrete components,
and each component �Xk

d or Pk
d� can take a value from Bk or Ck

number of choices. So the total number of combinations of all the
discrete choices is D= ��k=1

nd Bk���k=1
md Ck�. Since we assume inde-

pendence, the joint PMF of the k discrete combination is fXdPd,k

= ��i=1
nd fXi

d���i=1
md fPi

d�, for k=1, . . . ,D. Similarly, the joint PDF of

the continuous component is fXcPc = ��i=1
nc fXi

c���i=1
mc fPi

c�. For sim-

plicity of notation, we define fXP,k
d � fXdPd,k and fXP

c � fXcPc to be
the joint PMF and PDF, respectively.

The most important and difficult aspect of MCDRO is calculat-
ing the probabilistic constraints efficiently. Once these constraints
are calculated, we can then use a conventional optimization algo-
rithm to find the reliability optimum. The next section provides a
discussion on how to calculate these constraints efficiently.

3 Reliability Analysis
If there is no continuous component in the problem �i.e., Yc

= ���, reliability of the jth constraint can be calculated by summing
the joint probability of all feasible discrete combinations as shown
in Eq. �3�

Pr�gj�Xd,Pd� � 0� = �
k=1

D

fXP,k
d Ij,k

Ij,k = �1, gj�Xk
d,Pk

d� � 0

0, gj�Xk
d,Pk

d� � 0
,	 j = 1, . . . ,J �3�

Here Ij,k is the feasibility indicator function for the jth constraint
at the kth discrete combination, and Xk

d and Pk
d are the kth realiza-

tion of Xd and Pd, respectively.
Graphically, fXP,k

d and Ij,k in Eq. �3� can be shown as stem plots
on the scalar gj axis with probability values for the ordinate as
shown in Fig. 1. The reliability value is then the sum of probabili-
ties of all stems to the left of �and including� the constraint bound-
ary gj =0.

When there are both continuous and discrete components in the
problem, the indicator function Ij,k is replaced by the conditional
probability that gj�X ,P� is feasible given �Xk

d ,Pk
d�. Theoretically,

this probability is calculated by solving the following integral

Pr�gj�X,P� � 0
Xk
d,Pk

d� = Fgj,k
c �0� =�

gj�0
�Xk
d,Pk

d�

fXP
c dXcdPc

�4�

Fig. 1 Graphical representation of discrete reliability
The reliability of gj is then as shown in Eq. �5�

FEBRUARY 2007, Vol. 129 / 159
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Pr�gj�X,P� � 0� = Fgj
�0� = �

k=1

D

fXP,k
d Fgj,k

c �0� �5�

igure 2 shows the graphical representation of Eq. �5� on the gj
xis. Unlike the discrete stem plot, the ordinate in this figure is a
eighted probability density. It should be emphasized that the

urves shown are not PDF curves in that the area under each curve
s not 1. For instance, the area under the k=3 curve is clearly
arger than that of the k=5 curve. Rather, they are weighted den-
ity curves where each curve represents one multiplication ele-
ent in Eq. �5�. So each curve already includes the weighting

actor fXP,k
d . Following this definition, the reliability of gj is the

um of the areas under the curves to the left-hand side of �and
ncluding� gj =0.

Analytical solution to the integral in Eq. �4� is generally not
ossible while numerical integration is prohibitively inefficient. In
he next subsections we discuss three alternative methods to cal-
ulate mixed continuous-discrete reliability: �1� Monte Carlo
nalysis �MCA�; �2� full factorial reliability analysis �FFRA�; and
3� partial factorial reliability analysis �PFRA�.

3.1 Monte Carlo Analysis. The simplest alternative to nu-
erical integration is to use a Monte Carlo simulation �MCS� to

pproximate it. There are two approaches to use MCS to calculate
he reliability Fgj

�0�. In the first approach we use it to approximate

gj,k
c �0� only and then repeat it D times for all combinations of the
iscrete random components. In this approach, the continuous ran-
om components are first discretized followed by a large number
f experiments. Samples for the experiments are taken propor-
ional to the probabilities of each discretized bins; Fgj,k

c �0� is then
pproximately equal to the ratio of feasible experiments �where

j�X ,P��0 
Xk
d ,Pk

d� to the total number of experiments. Since
fXP,k
d is known for all k, Fgj

�0� can be calculated using Eq. �5�. In
he second approach we use MCS to directly approximate Fgj

�0�.
ere, samples for the experiments are taken from both the con-

inuous and the discrete random components. Samples for the dis-
rete components are taken proportional to the probability mass of
he discrete values.

The dimension of the first and second approach is �nc+mc� and
nc+mc�+ �nd+md�, respectively. In general the second approach
equires more experiments for the same accuracy. However, the
rst approach needs to be repeated D times. Since D is much

arger than �nd+md�, overall the second approach is generally
ore efficient than the first. For the rest of the article we will use

he term MCA to refer to the second approach.
MCA provides an excellent approximation to Fgj

�0� provided
he number of experiments is large enough. In the absence of
nalytical solution, MCA results are often regarded as the “exact”
olution. However, the large number of function evaluations
eeded by the method prevents its widespread use in practical
pplications.

ig. 2 Graphical representation of mixed continuous-discrete
eliability
3.2 Full Factorial Reliability Analysis. An alternative

60 / Vol. 129, FEBRUARY 2007
method to calculate mixed continuous-discrete reliability is to use
the FORM �8–10� to approximate the integral in Eq. �4�. In this
method we calculate Fgj,k

c �0� using FORM at all discrete combi-
nations, and then use them in Eq. �5�.

FORM has been reported to be efficient in terms of function
evaluations �8,9�. However, here we have to perform FORM D
times, once for each discrete combination. Since D is generally
large, the total number of function evaluations needed is still very
high. If we can somehow limit the use of FORM only to those
discrete combinations that really need it, we can drastically reduce
the number of function evaluations required. A method to filter the
discrete combinations will be discussed next.

3.3 Partial Factorial Reliability Analysis. In FFRA, the in-
tegral in Eq. �4� is calculated at all discrete combinations. Math-
ematically, however, we really only need to calculate Fgj,k

c �0�’s at
those discrete combinations that are close to the constraint bound-
ary and whose fXP,k

d / s are large �according to a metric that will be
described later�. If gj,k at a kth discrete combination �with the
means ��Xc ,�Pc� for the continuous components� is far from the
boundary, then Fgj,k

c �0� can be approximated with Ij,k with a very

small error. Similarly, if fXP,k
d is very low, Fgj,k

c �0� can also be

approximated with Ij,k with a maximum error of only �0.5�fXP,k
d .

For illustration, consider the following hypothetical weighted
density distributions with D=4 as shown in Fig. 3. For the k=1
distribution, fXP,1

d is very small and gj,1 is far from the boundary.
So for this distribution, Fgj,1

c �0�� Ij,1=1.0 with very little error.

Likewise, fXP,3
d is also very small and its contribution to the over-

all reliability is small. So although it is close to the boundary, the
error induced by approximating Fgj,3

c �0�� Ij,3=0 is small. In con-
trast, the k=2 distribution is very close to the boundary and its
fXP,2
d is large. For this distribution Ij,2=1.0 is not a good approxi-

mation to Fgj,2
c �0�, and we need to use FORM to calculate it more

accurately. Similarly for the k=4 distribution, although it is far
from the boundary, fXP,4

d is so large that we cannot neglect its area
under the curve to the left of gj =0. In this case too, we need to
calculate Fgj,4

c �0� more accurately. Notice in Fig. 3 that the areas
to the left of gj =0 for density curves 3 and 4 seem comparable
graphically. However, fXP,4

d is larger than fXP,3
d so numerically

they are different �the area for density curve 4 is larger�.
From the previous discussion, it is apparent that we need two

pieces of information to determine if it is necessary to use FORM
at the kth discrete combination: �1� fXP,k

d value; and �2� relative
distance of gj,k from the constraint boundary. The first piece of
information is already available as part of our problem formula-
tion and assumption; the second piece of information is not as
readily available.

To determine how far gj,k is from the constraint boundary, we
define an influence function hj,k�gj,k� :R1→R1 to be a monotoni-
cally decreasing mapping of the distance from the constraint

Fig. 3 Different importance of density distributions
boundary. The function is maximum when gj,k=0, and gradually

Transactions of the ASME
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ecreases as gj,k moves away from the boundary. Many types of
nfluence function can be used, e.g., Gaussian or parabolic. In this
FRA method we use the following influence function

hj,k�gj,k� =�1 − ��− gj,k/�̂gj
� , if gj,k � 0

��− gj,k/�̂gj
� , if gj,k � 0

	 �6�

here ��·� is the CDF of a standard normal distribution with zero
ean and standard deviation of 1; and �̂gj

is a user-specified pa-
ameter. A nice feature of this influence function is that it readily
rovides an estimate to Fgj,k

c �0�. If we assume the weighted con-
itional densities are normally distributed with a standard devia-
ion of �̂gj

, then

Fgj,k
c �0� � F̂gj,k

c = �1 − hj,k, if gj,k � 0

hj,k, if gj,k � 0
	 �7�

In using Eqs. �6� and �7�, we have invoked an assumption that
he conditional densities are normally distributed. However, this is
nly one way to define an influence function. If the designer has
easons to believe that the conditional densities follow nonnormal
istributions, this information may be used to construct a new
nfluence function using the CDF of that non-normal distribution
nd the appropriate statistics as inputs.

The hj,k function in Eq. �6� has a maximum value of 0.5 at
j,k=0, and gradually decays with a distance from the boundary
ccording to the error function erf�·�. The decay rate of the func-
ion depends on the specified �̂gj

, the larger it is the slower the
ecay. Figure 4 shows the graphs of hj,k for three values of �̂gj

.
A large �̂gj

places more importance to density curves far away
rom the boundary and increases the number of discrete combina-
ions chosen for FORM analysis. This in turn will increase the
otal number of function evaluations. In general, however, the
ccuracy of the calculated reliability will also improve. In con-
rast, a small �̂gj

will decrease the number of function evaluations,
ut generally at the expense of accuracy. In our implementation,
e use the value �̂gj

=0.1. One very important remark regarding
his choice of value: since �̂gj

is our approximation to the density
urves’ standard deviations, it is critical that gj is numerically
caled to be within the same order of magnitude. In engineering
roblems, a typical scaling procedure is to use the upper/lower
ound of the constraints as the normalizing factor.

Using fXP,k
d and hj,k, we can now determine if the kth discrete

ombination is important enough to warrant a FORM analysis. We
efine a quantity Hj,k�gj,k�= fXP,k

d hj,k to be the importance function
f the kth combination. If Hj,k is large, then it is necessary to

Fig. 4 Influence functions for different �̂gj
erform FORM at this particular combination. If Hj,k is small,

ournal of Mechanical Design
then we can use F̂gj,k
c as an approximation.

The step-by-step algorithm of the PFRA method to calculate
mixed continuous-discrete reliability of the jth constraint is as
follows:

Step 1. Set �̂gj
=0.1 and a lower bound on the sum of normal-

ized importance value SH̄min=0.95.
Step 2. Calculate gj,k, hj,k, and Hj,k for all k=1, . . . ,D. Calcu-

late the approximation F̂gj,k
c .

Step 3. Calculate the sum of all importance values
SH=�k=1

D Hj,k.
Step 4. If SH�0.001, approximate the reliability

Fgj
�0���k=1

D fXP,k
d F̂gj,k

c , then stop. Else continue.
Step 5. Calculate the normalized importance value

H̄j,k=Hj,k /SH for all k=1, . . . ,D.

Step 6. Sort the H̄j,ks from largest to smallest. Start from the

largest H̄j,k, select NL�D discrete combinations such that

�i=1
NLH̄j,i�SH̄min.

Step 7. From the selected NL combinations, discard the

ND�NL combinations whose H̄j,k�0.001.
Step 8. For the selected NP=NL−ND combinations, use

FORM to calculate F̂gj,k
c . For the rest of the combinations, keep

the

F̂gj,k
c computed in Step 2.

Step 9. The approximate reliability of the constraint is Fgj
�0�

��k=1
D fXP,k

d F̂gj,k
c . Stop.

There are two user-specified parameters in the algorithm: �̂gj

and SH̄min. The effect of �̂gj
on the total number of function

evaluations and the accuracy of the result has been discussed pre-

viously. The parameter SH̄min controls the minimum percentage of

total Hj,k’s that are selected. The larger SH̄min the more discrete
combinations will be selected. This will increase the accuracy of
the approximation, but with an increase in the number of function

evaluations. A decrease in SH̄min will result in the opposite effect.

In our implementation, we set SH̄min=0.95, i.e., 95% of the total

Hj,k’s are selected. The �̂gj
and SH̄min values suggested in this

paper are based on our experience in applying the algorithm. They
are found to result in less than 1% approximation error.

The algorithm above contains two filtering steps: negligible im-
portance filtering �Step 4� and concentrated importance filtering
�Step 7�. Step 4 in the algorithm accounts for the case where all
the density curves are far from the constraint boundary, as indi-

cated by the low SH value �see Fig. 5�. In this case, the F̂gj,k
c

approximation is sufficient for all discrete combinations, and no
FORM analysis is needed at all. Step 7 in the algorithm accounts
for the case where only a few of the NL discrete combinations
selected in Step 6 are really important �see Fig. 6�. This is indi-

cated by the very small H̄j,k’s of the other ND combinations.

Fig. 5 Illustration of negligible importance
Note that in the above algorithm we have used a normal distri-

FEBRUARY 2007, Vol. 129 / 161
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ution to approximate Fgj,k
c �0�. If the actual weighted conditional

ensities are nonsymmetric, then other forms of distributions
ight give better approximations.

3.4 Error and Efficiency. Of the three methods presented to
alculate reliability, MCA is the most accurate followed by FFRA
nd PFRA. As mentioned before, when analytical solution is not
vailable, MCA solution is often regarded as the true solution. If
he curvature of the constraint function is not too large, the FFRA
olution will also be very close to that of MCAs. Unfortunately,
he FFRA error due to FORM linearization is problem dependent,
nd there is no analytical estimation to it. Nevertheless, the error
nduced by FORM has been reported to be small �8,9�.

Since PFRA uses FORM, it is also affected by the linearization
rror. In addition to this error, PFRA also induces an error by
pproximating the conditional probabilities at some of the discrete
ombinations. Like the FORM error, the actual amount of this
rror is problem dependent and is not possible to formulate ana-
ytically. In the best case, all the density curves are far from the
oundary �negligible importance case�, and the PFRA error is
ero. In the worst case, however, the normal approximation and
he �̂gj

estimate might be very different from the actual density
urves. In this situation, the maximum error of the conditional
robabilities not calculated by FORM is �0.5�fXP,k

d . Since we se-
ect NP combinations for FORM analysis, the total maximum er-
or is

emax = �
k=1

D−NP

�0.5�fXP,k
d �8�

his error does not include the FORM linearization error. Also,
q. �8� involves the quantity NP that is problem dependent, and so

he error calculation is also problem dependent. Since we impose

he SH̄min=0.95 selection criterion in the PFRA algorithm �Step
�, NP is generally large and the fXP,k

d s at the �D–NP� combina-
ions are small. So overall the maximum error is small.

Although MCA is the most accurate, it is also the most ineffi-
ient of the three methods in terms of number of function evalu-
tions �FEs�. The actual magnitude of MCA’s FE depends on the
roblem’s dimension, but FEMCA�106 is typical. For the FFRA
ethod, FEFFRA= �D�FEFORM, where FEFORM is the number of

unction evaluations performed by FORM. There is no analytical
ormula for FEFORM, but it is reported to be on the order of
�100�–O�102� �13�. Due to the efficiency of FORM, in general
FRA is much more efficient than MCA, even though FEFFRA

nvolves the factor D.
PFRA uses FORM at some, but not all, of the D discrete com-

inations. The FE of PFRA is FEPFRA=D+��D�FEFORM, where
���1. The D in the first factor of the sum accounts for the
valuations of gj,k at all k=1, . . . ,D �Step 2�. In the best case
negligible importance case�, �=0 and FEPFRA=D, i.e., no FORM
nalysis is needed at all. In the worst case, PFRA performs FORM
t all discrete combinations. For this case, �=1 and FEPFRA

Fig. 6 Illustration of concentrated importance
D�1+FEFORM��FEFFRA for FEFORM�1, i.e., PFRA is as effi-
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cient as FFRA. The quantity � decreases as the design point
moves away from the constraint boundary, so PFRA is more effi-
cient for design points far from the boundary �as is usually the
case in the early iterations of an optimization run�. Overall, PFRA
is at least as efficient as FFRA, while MCA is the least efficient of
all.

A study of the error and efficiency properties of MCA, FFRA,
and especially PFRA is given in the next section through ex-
amples.

4 Demonstration Examples
We apply the PFRA algorithm to two examples. In the first, we

show a step-by-step implementation of the algorithm to calculate
a mixed continuous-discrete reliability of a design point with re-
spect to a single inequality constraint. In the second, we show the
application of PFRA in an optimization algorithm to solve a
MCDRO problem.

4.1 Single Constraint Reliability. Consider a quadratic con-
straint g1 that is a function of one continuous variable X1, one
integer variable X2, and one integer parameter P. The variables
and parameters in this problem are random. Following the nota-
tion in Sec. 2, Xc= �X1� and Xd= �X2�, where nc=1 and nd=1; for
the parameters, Pc= �� and Pd= �P�, where mc=0 and md=1; and
so Yc= �X1� and Yd= �X2 , P�. The objective of this study is to
calculate the reliability of a design point whose means are �X
= ��X1

,�X2
�= �5.5,7� with respect to g1.

g1�X,P� = 1
350�7X1

2 + 6X2
2 + 8P2 − 6X1P + 4X2P − 15.8X1 − 93.2X2

− 63P� + 1 � 0 �9�
Randomness in the variables and the parameter is as follows

�all are independent�. The variable X1 is randomly distributed ac-
cording to the normal PDF fX1

=N��X1
,0.2�. The integer variable

X2 is distributed around its nominal value within the set W1
= 
5,6 ,7 ,8 ,9� according to PMF fX2

= 
0.05,0.15,0.6,0.15,0.05�.
The integer parameter P is distributed within the set S1
= 
2,3 ,4 ,5� with PMF fP= 
0.05,0.3,0.45,0.2�. Following our
notation, B1=5, C1=4, and D=B1C1=20. The joint PMF of X2
and P is shown below �fX2

as columns, fP as rows�

fXP
d = �

0.0025 0.0075 0.03 0.0075 0.0025

0.015 0.045 0.18 0.045 0.015

0.0225 0.0675 0.27 0.0675 0.0225

0.01 0.03 0.12 0.03 0.01
� �10�

The step-by-step implementation of the PFRA algorithm to cal-
culate reliability is as follows:

Step 1. Set �̂g1
=0.1 and SH̄min=0.95.

Step 2. The g1 values at all discrete combinations are calculated
by substituting �X1

=5.5 and the �X2 , P� combination to Eq. �9�.
Using g1, the h1 values are calculated using Eq. �6�. The impor-
tance values H1 are obtained by multiplying h1 with the joint pmf

fXP
d in Eq. �10�. The approximation F̂g1

c at each combination is

calculated using Eq. �7�. The calculated H1 and F̂g1

c are shown in
Tables 1 and 2, respectively.

20

Table 1 H1 values for †X2 ,P‡ combinations

X2=5 6 7 8 9

P=2 0.0003 0.0022 0.0108 0.0023 0.0004
P=3 0.007 0.0163 0.0591 0.0191 0.0052
P=4 0.007 0.0141 0.0582 0.0227 0.0087
P=5 0.0027 0.0063 0.0301 0.0127 0.0026
Step 3. The sum of the H1,ks in Table 1 is SH=�k=1H1,k
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0.2878.
Step 4. From Step 3, SH�0.001. So this is not a negligible

ase; continue to Step 5.

Step 5. The normalized importance values H̄1 is shown in Table
.

Step 6. Starting from the largest H̄1 in Table 3, NL=14 combi-

ations are selected such that �k=1
14 H̄1,k�SH̄min. The combinations

elected are highlighted in Table 3.

Step 7. From the 14 combinations selected, none has a H̄1,k
0.001. So ND=0.
Step 8. For the final NP=NL−ND=14 combinations selected,

e use FORM to calculate F̂g1

c . For the other combinations, we

eep the F̂g1

c values from Table 2. The revised F̂g1

c values are
hown in Table 4.

Step 9. The approximate reliability is Fg1
�0���k=1

20 fXP,k
d F̂g1,k

c

0.8743. Stop.
As a benchmark, we calculate the reliability using the MCA
ethod in which 1,000,000 samples are taken from the �X2 , P�

iscrete sets and the discretized X1 distribution. The MCA reliabil-
ty value is 
Fg1�0�
MCA=0.8701. This value is considered to be
he “actual” value. The absolute error of PFRA result is e
0.0042, less than the maximum error predicted in Eq. �8�: emax
0.0313. The relative error of PFRA is

	 =

Fg1

�0�
PFRA − 
Fg1
�0�
MCA


Fg1
�0�
MCA

= 0.0048

ess than 1%. For comparison, we also calculate the reliability
sing the FFRA method. The computed 
Fg1�0�
FFRA=0.8695 is
ery close to 
Fg1�0�
MCA. The discrepancy between the two can
e attributed to FORM linearization error as well as roundoff
rror.

Table 5 shows a comparison of the Fg1
�0� values and the rela-

ive errors obtained using MCA, FFRA, and PFRA for different
esign points. Table 6 shows the number of function evaluations

Table 2 F̂g1

c values for †X2 ,P‡ combinations

X2=5 6 7 8 9

P=2 0.134 0.287 0.361 0.311 0.165
P=3 0.468 0.638 0.672 0.577 0.344
P=4 0.688 0.791 0.784 0.663 0.387
P=5 0.727 0.791 0.750 0.577 0.264

Table 3 H̄1 values for †X2 ,P‡ combinations

X2=5 6 7 8 9

=2 0.001 0.0076 0.0375 0.008 0.0014
=3 0.0243 0.0566 0.2054 0.0664 0.0181
=4 0.0243 0.049 0.2022 0.0789 0.0302
=5 0.0094 0.0219 0.1046 0.0441 0.009

Table 4 Revised F̂g1

c values for †X2 ,P‡ combinations

X2=5 6 7 8 9

=2 0.134 0.287 0.094 0.311 0.165
=3 0.369 0.915 0.956 0.777 0.043
=4 0.984 0.999 0.999 0.968 0.077
=5 0.727 0.999 0.999 0.849 0.264
ournal of Mechanical Design
performed by each method. The percent reduction in function
evaluations from using PFRA compared to FFRA: 
red= �FEFFRA
−FEPFRA� /FEFFRA is also shown.

As seen in Table 5, PFRA provides an excellent estimate to
MCA results for all ranges of reliability values. The relative error
of the approximation is less than 1% for all eight design points. At
the same time, using PFRA results in a 14–44% reduction in the
number of function evaluations compared to using FFRA as
shown in Table 6.

4.2 Design of a Belleville Spring. The objective of this prob-
lem is to optimize the Belleville spring shown in Fig. 7 for maxi-
mum rated load Pload. This example is originally formulated by
Siddall �26�, and is modified here to be a MCDRO problem. All
probabilities are assumed independent.

The design variables are: external diameter �de�, internal diam-
eter �di�, free height �h�, and thickness �t�. The variables �de ,di ,h�
are continuous �in meters�, but due to manufacturing practices the
sheet metal thickness �t� is only available in multiples of
0.25 mm. There is randomness in the continuous variables
�de ,di ,h�, and each is modeled as a normal distribution with a
standard deviation of 0.0866 mm, 0.0767 mm, and 0.0333 mm,
respectively �27�. The spring thickness is also random and is dis-
cretely distributed according to the following probability

Pr�t = �� = �0.5, � = �t

0.2, � = �t ± 0.25

0.05, � = �t ± 0.5
� �11�

The spring is to be made from high strength steel Type C, but due
to manufacturing imperfection its properties may vary. Table 7

Table 5 Comparisons of MCA, FFRA, and PFRA results

��X1 ,�X2� MCA FFRA PFRA 	

�1.7, 6� 1 1 0.9974 −0.0026
�5.5, 7� 0.8701 0.8695 0.8743 0.0048
�4.8, 9� 0.6704 0.6700 0.6679 −0.0037
�2.5, 3� 0.5564 0.5563 0.5580 0.0029
�1.9, 3� 0.4039 0.4046 0.4042 0.0007
�0.9, 10� 0.3390 0.3390 0.3373 −0.0050
�2.3, 2� 0.1268 0.1274 0.1267 −0.0008
�4.1, 2� 0.0788 0.0787 0.0782 −0.0076

Table 6 Comparison of FEMCA, FEFFRA, and FEPFRA

��X1 ,�X2� FEMCA FEFFRA FEPFRA 
red

�1.7, 6� 1,000,000 129 111 0.140
�5.5, 7� 1,000,000 373 250 0.330
�4.8, 9� 1,000,000 279 173 0.380
�2.5, 3� 1,000,000 141 79 0.440
�1.9, 3� 1,000,000 151 115 0.238
�0.9, 10� 1,000,000 228 164 0.281
�2.3, 2� 1,000,000 112 76 0.321
�4.1, 2� 1,000,000 136 82 0.397
Fig. 7 A Belleville spring
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hows the four possible discrete variations of the steel properties,
nd the probabilities of each variation. For ease of referral, we
ssign the letter A, B, C, and D to each of the four possible
ariations. In this table, the quantities E and �aw are the elastic
odulus and allowable stress of the steel, respectively.
So in this problem Xc= �de ,di ,h� and Xd= �t�, and nc=3 and

d=1. For the parameters, Pc= �� and Pc= �steel type�, and mc=0
nd md=1. The continuous components are Yc= �de ,di ,h�, while
he discrete components are Yd= �t , steel type�. The PDFs of the
ontinuous variable are fde

=N��de
,0.0866�, fdi

=N��di
,0.0767�,

nd fh=N��h ,0.0333�. For the discrete variable, W1= 
�t

0.5,�t−0.25,�t ,�t+0.25,�t+0.5� with a PMF f t


0.05,0.2,0.5,0.2,0.05� and B1=5. For the discrete parameter:

1= 
A ,B ,C ,D� with a PMF fsteel= 
0.1,0.25,0.6,0.05� and C1
4. The number of combinations of the discrete components is
=B1C1=20.
The spring optimization is constrained by two design con-

traints, maximum allowable stress and maximum mass, and five
eometric constraints. The formulation of the deterministic
CDO is shown below �notice how the constraints are numeri-

ally scaled�

maximize
x=�de,di,h,t�

f�x,p� = Pload

subject to: g1�x,p� � �max/�aw − 1 � 0

g2�x,p� � m/mmax − 1 � 0

g3�x,p� � hmin/h − 1 � 0

g4�x,p� � �h + t�/l − 1 � 0

g5�x,p� � de/dmax − 1 � 0

g6�x,p� � 1.25di/de − 1 � 0

g7�x,p� � 1 − 0.3�de − di�/h � 0 �12�

ere Pload is the rated load �N�, �max is the maximum stress �Pa�,
nd m is the spring mass �kg�. Details of the deterministic prob-
em can be found in Ref. �28�.

The optimum of the deterministic MCDO is �de ,di ,h , t�*

�0.3,0.232,5.0,8.0� �using the baseline steel Type C as the ma-
erial�. The t* and h* values shown are in mm. The maximum load
f this deterministic optimum is Pload

* =67.82 kN. The constraint
alues are g*= �−0.0019,−0.117,0 ,−0.35,0 ,−0.0307,−3.038�
here g3 and g5 are active. Based on the specified PDFs and
MFs, the reliabilities of this optimal point w.r.t. the constraints
re Fgj

* �0�= �0.376,0.994,0.5,1.0,0.976,0.982,1.0�. As can be
een, the deterministic optimum has low reliabilities in terms of g1
nd g3.

4.2.1 Reliability Optimization. For reliability optimization, all
onstraints are replaced with probabilistic ones. The lower reli-
bility bound for all probabilistic constraints is set to be Rj
0.99 for j=1, . . . ,7.
We solved the MCDRO using the MOST algorithm as imple-

Table 7 Steel properties and their probabilities

teel type
E

�GPa�
�aw

�MPa� Probability

190 1100 0.1
200 1350 0.25
205 1500 0.6
210 1600 0.05
ented in the commercial software iSIGHT 9.0. MOST is an
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optimization algorithm that combines SQP and branch-and-bound
algorithms to solve mixed continuous-discrete problems �29�. For
comparison, we solved the problem three times, each using MCA,
FFRA, and PFRA for reliability calculation. For fairness, the same
starting point �de ,di ,h , t�= �0.3,0.2,5.0,7.0� is used in all three
runs. For the MCA method, 1,000 samples are used �this number
provides a relatively accurate reliability while still practically
manageable�. For the FFRA method, the HL-RF algorithm �9� is
chosen for FORM calculation. For the PFRA method, the param-

eters are specified to be �̂gj
=0.1 and SH̄min=0.95. The F̂gj

c values

at the selected combinations are also calculated with FORM using
the HL-RF algorithm.

Table 8 shows the reliability optima obtained and the total num-
ber of function evaluations performed. In counting FE, each cal-
culation of either the objective or constraint function is considered
one evaluation. The table also shows the reliabilities of the optima
in terms of g1 and g3. Reliability values in terms of the other
constraints are the same for all three optima.

We see in Table 8 that the MCA optimum has the highest Pload
while PFRA optimum has the lowest. However, we also see that
the MCA optimum does not quite satisfy the third reliability con-
straint. A possible explanation is that the number of samples used
is not large enough so that the reliability values calculated by
MCA are noisy. Even with the relatively low number of samples,
however, the optimization already required more than 4 million
function evaluations. This observation further demonstrates the
impracticality of MCA. The FFRA’s Pload is slightly lower than
that of MCAs, but it satisfies all the reliability constraints. In
terms of efficiency, the FEFFRA value is also significantly lower
than FEMCA. PERA’s Pload is lower than FFRA’s. This may be
caused by the inconsistent changes in the reliability values �and
hence not-as-accurate gradient values� calculated using PFRA.
Nevertheless, in return for this 7% decrease in Pload, we gain a
significantly larger 37% decrease in total function evaluations.
These results suggest a potential hybrid optimization algorithm
utilizing both PFRA and FFRA to achieve convergence and
efficiency.

The PFRA method offers a way to reduce the computational
requirement of solving a MCDRO problem significantly by sacri-
ficing a little accuracy. Even with the reduction, however, the total
computational cost may still be rather high. One way to further
increase efficiency is to use a more efficient technique other than
FORM to calculate the conditional probability. Another way is to
use parallelization to calculate the conditional probability at each
discrete combination. These options merit further investigation.

5 Summary
This paper presents a method to reduce the number of function

evaluations needed to calculate a mixed continuous-discrete reli-
ability while maintaining accuracy. Unlike the FFRA method,
PFRA uses FORM to calculate the continuous conditional prob-
abilities only at some of the discrete combinations. These discrete
combinations are systematically selected based on their impor-

Table 8 Comparison of MCA, FFRA, and PFRA optima

MCA FFRA PFRA

de �m� 0.297 0.289 0.276
di �m� 0.22 0.2065 0.168
h �mm� 5.07 5.08 5.44
t �mm� 6 6 6
Pload �kN� 26.068 25.375 23.587
Fg1�0� 0.995 0.996 0.989
Fg3�0� 0.983 0.992 1.0

FE 4,470,000 177,752 110,866
tance, which in turn depends on the relative distance from the
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oundary and the probability of the discrete components. In the
umerical example, the PFRA result is found to be in excellent
greement with the MCA value along with a significant improve-
ent in computational efficiency. The relative error of the ap-

roximation is less than 1%, and the number of function evalua-
ions decreases by as much as 44%. When used in reliability
ptimization, PFRA is also found to perform well. The PFRA
ptimum is slightly inferior to the FFRA optimum �7% lower�, but
he total number of function evaluations is decreased by 37%.
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