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ABSTRACT this information to higher levels, and has in fact become standard

This paper presents a methodology for design optimization design practice, as evidenced by the organizational structure of
of decomposed systems in the presence of uncertainties. We ex-engineering companies [1].
tend the analytical target cascading (ATC) formulation to proba- In this paper we consider such hierarchically decomposed
bilistic design by treating stochastic quantities as random vari- multilevel systems. In particular, we extend previous determinis-
ables and parameters and posing reliability-based design con-tic methodologies for optimal and consistent design of such sys-
straints. We model the propagation of uncertainty throughout tems to account for the presence of uncertainties. Our objective
the multilevel hierarchy of elements that comprise the decom- s to introduce the concept of uncertainty, model its propagation
posed system by using the advanced mean value (AMV) method through the multilevel hierarchy, set the ground for the applica-
to generate the required probability distributions of nonlinear re- tion of “single-element” optimization under uncertainty methods
sponses. We utilize appropriate metamodeling techniques for in multilevel systems, and identify needs for future research.
simulation-based design problems. A simple yet illustrative hi- Our motivation is that deterministic approaches assume that
erarchical bi-level engine design problem is used to demonstrate complete information of the problem is available, and that de-
the proposed methodology. sign decisions can be implemented. These assumptions imply

that optimization results are as good (and therefore useful) as

1 INTRODUCTION the design and simulation/analysi_s models used to_obtain them,
and that they are meaningful only if they can be realized exactly.
In reality, these assumptions do not hold. We are rarely in a
position to represent a physical system without using approxi-
mations, have complete knowledge on all of its parameters, or
control the design variables with high accuracy. It is therefore
necessary to treat all quantities associated with uncertainty as

Design optimization of complex engineering systems can be
accomplished only by decomposition. The system is partitioned
into subsystems, the subsystems are partitioned into components
the components into parts, and so on. This decomposition pro-
cess results in a multilevel hierarchy of elements that comprise

the system. .
; . " . . stochastic.
Hierarchical decomposition facilitates employing decentral- T . .
ized optimization approaches that aid systems engineers to iden- 't IS important to differentiate our research work from that

tify interactions among elements at lower levels and to transfer "€fated to multidisciplinary design optimization (MDO). Multi-
disciplinary systems design approaches are used when consider-

ing the system as consisting of multiple interacting disciplines.
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Several approaches for MDO have been developed during the The paper is organized as follows. In the next section we
1990's, all of which had as an objective the coordination of the present a methodology for optimal design of hierarchical multi-
interacting disciplines during the design optimization process, level systems, and extend its formulation to account for uncer-
mostly using single- or bi-level formulations [2, 3]. These ap- tainties. In Section 3 we address the issue of modeling uncer-
proaches are non-hierarchical in the sense that the disciplines areainty propagation in multilevel hierarchies and present some an-
not decomposed into multilevel hierarchies. Discipline outputs alytical examples. In Section 4 we present an efficient methodol-
are inputs to other disciplines anite versa This is the signif- ogy to develop highly accurate metamodels. A simple yet illus-
icant difference between MDO and our work. In hierarchically trative simulation-based example is used in Section 5 to demon-
decomposed multilevel systems outputs of lower-level elements strate our methodology for hierarchical multilevel system design.
are inputs to higher-level elements, but nate versa An ad- Finally, concluding remarks are summarized in Section 6.
ditional difference between design optimization of hierarchical

multilevel systems and MDO is the type of decomposition, dis-

tinguished in [4] as object and aspect-based, respectively. Nev-2 OPTIMAL DESIGN OF HIERARCHICALLY DECOM-

ertheless, if it is possible to define a discipline-based hierarchy
where lower-level discipline outputs are inputs to higher-level
disciplines, our methodology would then provide an MDO ap-
proach to optimal design of hierarchical multilevel systems.

To the best of our knowledge, no research work on address-
ing the presence of uncertainties in hierarchically decomposed
multilevel systems has been reported in the literature. However,
there is ongoing work to take uncertainties into consideration in
the MDO framework [5-14].

Most of these references utilize a simple first-order Taylor
expansion [5, 7, 8] to calculate the mean and variance of the re-
sponse in robust multidisciplinary design [14]. A “worst case”

POSED MULTILEVEL SYSTEMS

Our framework for hierarchical multilevel system optimiza-
tion under uncertainty is based on analytical target cascading
(ATC). In this section we first review the deterministic formu-
lation of ATC, and then we present its extension to account for
uncertainties.

2.1 Deterministic Formulation

ATC is a mathematical methodology for translating (“cas-
cading”) overall system design targets to element specifications
based on a hierarchical multilevel decomposition [18-20]. The

concept based on first-order sensitivity has been used to evaluateobjective is to assess relations and identify possible trade-offs

the performance range of a multidisciplinary system [9].
Although the calculation of the response mean and variance

among elements early in the design development process, and
to determine specifications that yield consistent system design

using first-order sensitivity may be adequate for robustness cal- With minimized deviation from design targets. For an engineer-
culations, it does not provide enough statistical information to ing corporation, ATC provides a means to dictate technical objec-
consider design feasibility under uncertainty. As will be illus- tives to different design teams, knowiagpriori that these goals
trated in this paper, probabilistic representation of the constraints can be achieved without conflicting with those of other teams.
requires complete probabilistic distributions of the system out- Consistent system design can then be accomplished with mini-
put. Reliability analysis using probabilistic distributions has mum communication overhead, i.e., maximum efficiency, avoid-
been used in MDO [15-17]. Reliability analysis introduces an ing costly iterations late in the process.

additional iteration loop resulting in coupled optimization prob- The ATC process is proven to be convergent when using a
lems that are computationally expensive. Response surfaces havepecific class of coordination strategies [21], and has been suc-
been used to reduce the computational effort [5]. Decoupled cessfully applied to a variety of optimal design problems, e.g.,

reliability and optimization procedures in an MDO framework
have been also proposed using approximate probabilistic con-
straint representations [16]. In general, a double-loop optimiza-
tion process exists in reliability-based MDO analysis, which re-
peatedly calls expensive system-level multidisciplinary analyses.
A single-loop collaborative reliability analysis method has been
recently proposed in [15]. A Most Probable Point (MPP) reli-
ability analysis method is combined with the collaborative dis-
ciplinary analyses to automatically satisfy the interdisciplinary
consistency in reliability analyses. A single reliability optimiza-
tion loop uses equality constraints to enforce disciplinary com-
patibility. Despite the use of a single optimization loop, it is
a computationally expensive, "all-at-once” procedure due to the
presence of the equality discipline constraints.

[22-25].

We refer the reader to the above references for a detailed de-
scription of ATC. Here, we will briefly present the concept and
the general mathematical formulation. In ATC a minimum de-
viation optimization problem is formulated and solved for each
element in the multilevel hierarchy that reflects the decomposed
optimal system design problemaf. Figure 1. Therefore, re-
sponses of lower-level elements are inputs into higher-level el-
ements. The ATC process aims at minimizing the gap between
what higher-level elements “want” and what lower-level ele-
ments “can”. If design variables are shared among some ele-
ments at the same level, their consistency is coordinated by their
parent element at the level above.

The mathematical formulation of problepy, wherei and j
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denote level and element, respectively, is _ _ _ : .
Figure 2. ATC information flow at element | of level |

min i =B i - vils e el @)
R " dom variables and parameters (denoted by upper case latin sym-
subjectto 3,7 [Iriyok— f|(i+1)k||% < g bols). We present two alternative non-deterministic formulations
an Wienk—Y' o [B<€ for solving the hierarchi(_:al_ multilevel optimiz_ation probl_em in
k=1 Dk ™ (i)il12 = *j the presence of uncertainties. The stochastic formulation does
9ij (r(i+1)l>~~-7r(i+1)nij :Xij,Yij) <0 not use a probabilistic representation of the design constraints,
hij (F<i+1)17--~7r<i+1)ni,- ,Xij,Yij) =0 while the .probabilistic. one doe;. For the sake of simplicity, in
with rij =fii (r Tl X1 Vi) the following formulations we will assume that all design vari-
R R GO LT R R B ables are random and that there are no random parameters.

where the vector of optimization variabl&g consists of () . . _
children response design Variab|’Q§_l)l7 ey r(i+1)nij , local de- 2.2.1 Stochastic Formulation In the stochastic for-
sign variablesx;j, local shared design variables (i.e., de- mulation, each random variable is represented by a parameter

sign variables that this element shares with other elements atthat describes its probabilistic characteristics. Typically, this pa-
the same level), and coordinating variables for the shared de- rameter is the first moment, or mean, of the random variable. Re-

sign variables of the childreyy;. 1)1, ..., Y(is1n; and whereg; sponses and other functions of random variables are expressed as
andhjj denote local design inequality and equality constraints, €xpected values. Thus, Problem (1) becomes

respectively. Tolerance optimization variabEsandeY are in-

troduced to coordinate responses and shared variables, respec- min  IIEIR:: u (2 U 12 R g

: : =R, 12+ kv — 1y, 2 +&7+E&; (2

tively. Superscriptsi (1) are used to denote response and shared s el IEIR] Mg 15+ Ik Hy;; I3 i T& (@)
variable values that have been obtained at the parent (children)

i nij 112 R
problem(s), and have been cascaded down (passed up) as de- Subjectto S lIHRy 1 — B[Ry [z < &
sign targets (cons_iste_ncy parameters), I_:igure 2. _Note that ZEL ”“Y(Hl)k _ ulY(i+1)kH% < gin
although communication among levels, i.e., updating parameter
values associated with the ATC process, is bi-directional, func- Elgij (R(Hl)lv--"R(Hl)nij Xij, Yij)] <0
tir?ngl depengiency is_ strictly. hri]eralrchitlzal (as we emph?size.d in E[hij (R(i+1)1’~~~,R(i+1>ni,- ,Xij, Yij)] =0
the introduction section). Higher-level responses are functions with  Rij = fij (Rgsayns - - Rieaymg - Xif Vi),

of lower-level responses, but nate versa

Assuming that all the parameters have been updated us-
ing the solutions obtained at the parent- and children-problems, whereE|[-] denotes the expectation operator.
Problem (1) is solved to update the parameters of the parent- In words, this formulation attempts to
and children-problems. This process is repeated until the toler-

Lo : . 1. Match the expected values of the local responses with the
ance optimization variables in all problems cannot be reduced

targets cascaded from the higher level; these targets are

any further. the optimal values of the random design variables, i.e., the
means, of the higher-level problem.

2.2 Non-deterministic Formulations 2. Match the optimal values of the random response design

In this section, the ATC formulation is modified to account variables, i.e., the means, with the expected values of the

for uncertainties. Stochastic quantities are represented by ran- children responses.
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3. Match the optimal values of the local and children random acceptable probability of failure; must be small, as opposed to
shared variables, i.e., the means, with the target values cas-“soft” constraints, where these values can be relaxed at the de-
caded from the higher and lower levels, respectively. signer’s discretion. A more elaborate discussion on this subject

can be found in [26].

Problem (3) can be solved with any of the available com-
mercial software packages or the methods reported recently in
the literatures, e.g., the hybrid mean value (HMV) method or
the sequential optimization and reliability assessment (SORA)
method [27, 28]. We adopt a recently developed single-loop
Smethod that is as accurate as the HMV and the SORA methods,
but much more efficient [29].

The challenge in solving stochastic optimization problems
such as Problem (2) is that evaluating expectations requires
knowledge of the probability density functions of the random
variables and evaluation of multidimensional integrals.

The solution of Problem (2) satisfies the design inequality
and equality constraints in an average sense, but does not provid
any information on the percentage of constraint violations due to
uncertainty. In practical applications, however, there is a need to
satisfy the constraints at a specified target reliability level.

3 PROPAGATION OF UNCERTAINTIES
2.2.2 Probabilistic Formulation ~ The constraints are The responses of the elements in the multilevel hierarchy
thus reformulated. We now require that the probability of sat- are typically nonlinear functions of the elements’ inputs, which
isfying a constraint under the presence of uncertainties greaterinclude random variables and parameters. Thus, responses are
than some appropriately selected threshold, or, alternatively, thatthemselves random variables, whose expected value must be
the probability of violating a constraint is less than some pre- computed to evaluate objective and constraints when solving

specified probability of failure. The formulation of Problem (2) ~Probabilistic optimization problems. Moreover, estimated vari-
becomes ance of responses is required if robustness considerations are in-

cluded.
. - G2 Ry Finally, in a multilevel hierarchy, responses of lower-level
) msl.RnsY IE[Rij] — HR;; 15+ ki — Hy;; [2+ei+e&; (3) subsystems are inputs to higher-level subsystems. Therefore, itis
Wiy €1 i necessary to obtain probability distribution information required
subject to 2211 ||uR(i+1)k —E[Ryj]'|3 < gﬁ? for the sqlution of thg highgr-level_prpble_:ms. This is an issue of
nij | sy outmost importance in design optimization of hierarchically de-
k=1 HUY<i+1)k - HY(M)kHz < & composed multilevel systems. An efficient and accurate mecha-
P[Ti (Riis1)1s-- > Ry Xij, Yij) > 0] < Py, Pism isf requirleg fordprf%a%ating pc)irobabbiltijglt_[[c igforrr:atfion ip the
. L oy orm of cumulative distribution and probability density functions
with Rij = fij (Ri+a),- - Ry Xij Vi), throughout the hierarchy.

whereP[-] denotes probability measure aRglis a vector of pre- 3.1 Estimating Moments Using the Mean-Value First-
specified probability of failure thresholds. Order Second-Moment Method
Note that the mathematical formulation of Problem (3) does In an initial effort, a mean-value first-order second-moment

not contain e_quality con_s'_[ra_ints. Equality_ c_onstrainf[s do not (MVFOSM) approach was adopted to estimate the mean and
make sense in a probabilistic framework (it is meaningless 10 giangard deviation of a nonlinear function of random variables
require that a function takes exactly a specific value under the [30]. Specifically, a first-order Taylor expansion about the cur-

presence of uncertainty, since the probability of a continuous (¢ design, represented by the mean vegoof the random

random variable taking an exact value ois zero), one has 10 in- \5japlesx, was used to linearize a nonlinear random response
troduce some slack and treat equality constraints as inequality .

constraints. For example, if in a deterministic framework it is

required thah(x) = 0, in a probabilistic framework it is required N af (ux)

that| h(X) |< 8, whered is a small positive constant, so that the R=f(X)~ f(ux)+ ZTXa(xi — ), (4)

constraint is formulated aB]| h(X) | —& > 0] < Ps. Therefore, =

we rewrite equality constraints as inequality constraints and unite

the two constraint function vectors into one, denotedby wheren is the dimension of the vectof. Assuming that all
Of course, there are applications where certain equality con- the random variables are statistically independent (uncorrelated),

straints are “more” important than others. For example, equal- the firsf[-order approximations of the mean and the varian¢e of

ity constraints representing governing equations of physical phe- Were given by

nomena must be satisfiedmost surelyi.e., with a probability

close to one. For such “hard” constraints, thealue and the EIR =pr=~ f(ux) (5)
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and wherefy is a particular value of the performance function. The
reliability indexf is then given by

C af(ux>>2
Var[R| = 03 ~ ( 0%, 6
R=or~2"ax ) * © B:G% (®)
respectively. wherepy = pr — fo andog = or. The CDF value off at fo is

The advantage of this approach, besides efficiency, is that it .5 culated from the first-order relation
allowed us to assume that the responses are normally distributed
if all input random variables and parameters were normal. There-
fore, propagation of uncertainty in ATC was modeled as a linear
process. With the distribution information known, all that was
necessary was the estimation of the first two moments, which where® is the standard normal cumulative distribution function.
characterize a normal distribution completely. The validity of the It is emphasized that Eq. (8) is equivalent to calculating the most
successive linearizations during the ATC process was ensured byprobable point (MPP) using the linear approximation of Eq. (4).
virtue of the ATC consistency constraints that do not allow large The MPP in the standard normal space is given by
deviations from current designs.

To our knowledge, this linearization approach is currently . Og(X)
embedded in all state-of-the-art software packages for optimiza- = *BM‘ (10)
tion under uncertainty. As will be demonstrated shortly, the lin-
earization approach does a fairly good job in estimating the ex-
pected value of nonlinear functions of random variables. How-
ever, it can be quite inaccurate in estimating higher moments,
e.g., the standard deviation. Moreover, it is limiting in that it X* = U"ox + i, (12)
does not provide us with the correct probability distribution in-

formation of the random nonlinear responses. wherepy, andoy are the mean and standard deviation vectors,
It is also important to note that if the linearization approach respectively, of the vector of random variabks

is used to compute expectations in the stochastic formulation, In the AMV method, the following relation is used instead
Problems (1) and (2) generate identical solutions. There is no ¢ Eq. (9):

value in solving the stochastic ATC formulation if expectations
are not computed exactly, which requires accurate probability
distribution information and multidimensional integrations. This
is an additional reason that may explain why the probabilistic
constraint formulation is used universally today to solve non- i.e., thefy value at which the reliability indef is calculated is
deterministic problems. replaced byf (X*).

To generate the CDF & = f(X), the Most Probable Point
Locus (MPPL) is first calculated using the simple MV method.
The MPPL is defined by connecting all MPP’s for a discretized
appropriate range of the performance function at pofintSub-
sequently, a single function evaluatib(X*) is used at each CDF
level to correct the CDF value obtained with the MV method.
The AMV method is computationally efficient since it requires
only a single linearization of the performance function at the
mean value and an additional function evaluation at each CDF
level (discretizedf range at valued;). It is also very accurate
as repeatedly demonstrated in the literature [32—34]. Note that
the MPPL-based CFD generation concept has been reported be-
fore, but is was based on a less efficient MPP determining proce-
dure [35].

With the CDF available, one can differentiate numerically
to obtain the probability density function (PDF). We use cen-
g(X) = f(X) — fo, ©) tral differences to obtain second-order accurate approximations.

P[f < fo] = P[g < 0] = ®(—B), (9)

In the originalX space, the MPP coordinates vector is

P[f < f(X%)] = ®(-B), (12)

3.2 Generating Distributions Using the Advanced
Mean Value Method

In this paper, we utilize the advanced mean value (AMV)
method to generate the cumulative distribution function (CDF)
of a nonlinear response. The AMV method [31] is a compu-
tationally efficient method for generating the CDF of nonlinear
functions of random variables. Itimproves the Mean Value (MV)
prediction (Section 3.1) by using a simple correction to compen-
sate for errors introduced from the Taylor series truncation. A
response performance functi®= f(X) is linearized as shown
in Eq. (4) and its first and second order momgptandog are
calculated using Egs. (5) and (6), respectively.

A limit state function is then defined as

5 Copyright 0 2004 by ASME



Finally, to compute moments, we integrate numerically, using never exhibits unacceptable errors. Moreover, the AMV-method
spline interpolation to estimate response values that lie betweenprovides accurate probability distribution information of nonlin-
the available PDF values. As will be shown by means of several ear responses. For example, Figures 3 and 4 depict the CDFs
analytical examples, this method is quite accurate. and PDFs, respectively, of function # 1, obtained using both the
MVFOSM-based and the AMV-based method. It can be seen
that, using the linearization approach, the nonlinear response

3.3 Examples ) I
P would be incorrectly assumed as normally distributed.

The MVFOSM-based and AMV-based methods were used
to estimate the first two moments of several nonlinear analytical

expressions. All random variables were assumed to be normal. ' — — —r
Test functions and input statistics are presented in Table 1 and o / ]
results are summarized in Table 2. One million samples were s /
used for the Monte Carlo simulations. 7+ |
s /
/
Table 1. Test functions and input statistics il /
I /
’ # ‘ Expression Input Statistics . /
L /
1 X2+ X2 X1 ~ N(10,2), Xo ~ N(10,1) ' 7
2 — EX[KX]_ — 7) —X2+10 X172 ~ N(6, 0.8) ,:/
3 1- X% X1.2 ~N(5,0.3)
4| 1— (X1+;<675)2 _ (xr>§20712)2 X12 ~ N(5,0.3) Figure 3. Cumulative distribution function of function #1
80
A
007 // \‘\
Table 2. Estimated moments and errors relative to Monte Carlo simula- b.oos - \j\
tion (MCS) results 005t \
[ \
004 - ,, \
# ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 003} ,’ \\\
Hin 2000 | 36321 | —525 | —1.0333 | —0.1428 \
001 // A
HAMV 2034 | 3.6029 | —5.3495| —1.0380 | —0.1454 T—— {0 SR 3{-)0\\35; pr O
HMCS 2050 | 3.4921 | -53114 | —1.0404 | —0.1448
i [%] a4 4.00 _115 _068 ~130 Figure 4. Probability density function of function #1
eamy [%] | —0.78 | 3.17 0.71 -0.23 0.41
Olin 4472 | 1.9386 | 0.8385 0.1166 | 0.00627 3.4 Propagating Uncertainty in ATC
OAMV 4520 | 0.9013| 0.8423 | 0.1653 | 0.00631 Our methodology for propagating uncertainty information
oMCS 4510 | 09327 | 08407 | 0.1653 | 000630 during the ATC process can be summarized in the following
steps:
gin [%] | —0.84 | 10785 | —0.26 | 2946 | -047 P
eamy [%] | 022 | —336 019 0 0.15 1. Start at the bottom level of the hierarchy, where probability

distribution on the input random variables and parameters

is assumed as known. If such information is not available
By inspecting Table 2, it can be seen that while the mean- at the bottom level, start at the lowest level possible where

related errors of the linearization approach are within acceptable such information is available.

limits, standard deviation errors can be quite large. The AMV- 2. Solve the probabilistic design optimization problems for the

based moment estimation method performs always better, and level specified in step 1.

6 Copyright 00 2004 by ASME



3. Use the approach described in Section 3.2 to obtain distribu- edge even if we are not in a position to eliminate completely.
tion information for the response variables that are inputs to There is no meaning in driving just one error down to zero if any
higher-level (“parent”) problems. of the remaining ones are still relatively large [36]. Our point is

4. Using the information obtained at step 3, solve the parent that if metamodels must be used, they must be associated with

problems. Note that the CDFs and PDFs of lower-level small errors relative to other error sources.

(“children”) responses that constitute optimization variables Traditional response surface methodology using Design of
in the parent problems are required for solving these prob- Experiments (DOE) techniques [37, 38], such as fractional fac-
lems correctly. Second moment (variance) information torials, central composite, Plackett-Burman, and Box-Behnken
alone is inadequate to guarantee proper solution process anddesigns, is usually computationally efficient. However, it often
uncertainty propagation throughout the hierarchy (as op- becomes inadequate in nonlinear multivariate metamodeling of
posed, e.g., to “single”-element robust design optimization). complex simulation models. In traditional parametric regression,

. Move your way to the top of the hierarchy. the metamodel functional form is assumed known (e.g., polyno-

. Once you have reached the top-level problem start moving mials in the conventional least-squares regression). The goal of

towards the bottom using previous solutions to update pa- regression analysis is to determine the parameter values of the
rameters as shown in Figure 2. assumed functional form, so that the generated metamodel best
7. Keep iterating until al¢ values in all problems in the hierar-  fits the provided data set. A linear or nonlinear parametric meta-
chy have been reduced as much as possible, i.e., have conmodel is likely to produce good approximations only when the
verged to a steady state value. Note thatehvariables are assumed functional form is close to the true underlying function.
deterministic, as are the constraints they appear in. While  For this reason, nonparametric regression techniques [39,
uncertainties are taken into account in the probabilistic de- 40], along with the progressive space-filling sampling [41, 42],
sign constraints, the non-deterministic ATC process aims at have attracted a growing interest. They only use a few general
coordinating values of shared variables and responses in anassumptions about the functional form of the metamodel, such
average sense. as its smoothness properties. The functional form is not pre-
Note that since the linearization approach is sufficiently ac- SPecified, but determined instead from the available data. The
curate for estimating expected values, it can be used to reduceNPnparametric approach is therefore, more flexible and is likely
computational cost. However, the AMV-based method is so effi- to prqduce acg:urate nqnhnear approximations even if the true un-
cient, that it is suggested for use in estimating expected values to 9€rlying function form is totally unknown.
improve accuracy and thus, possibly, the convergence rate ofthe ~ Many nonparametric techniques have been proposed for uni-
ATC process. variate modeling, such as smoothing splines and local polyno-
mial fitting [43, 44]. They can be easily extended to multivariate
cases. As a more general case of smoothing splines, nonparamet-

4 METAMODELING FOR SIMULATION-BASED DE- ric regression methods using Gaussian process models (similar

SIGN UNDER UNCERTAINTY to Kriging in spatial statistics) and radial basis functions (RBF),

The state-of-the-art analytical reliability analysis methods have been used to fit data from computer experiments [45-47].
are gradient based. When simulations are used to compute re-The local polynomial fitting and Kriging/RBF techniques have
sponses, as is the case in our following example (Section 5), nu- demonstrated better predictive performance than the paramet-
merical noise can occur. In addition, simulations tend to be com- ric regression technigues [48]. Their main advantage is an au-
putationally expensive. Computational cost is then aggregated tomated metamodeling process, in which the hyper-parameters
during optimization and reliability analysis. in local polynomial fitting and Kriging can be determined by

Use of metamodels (or surrogate models, or response sur-minimizing the metamodel cross-validation error and maximiz-
faces) is the established remedy to address the above issuesing the likelihood function, respectively. Local polynomial fit-

However, metamodels introduce additional errors to the ones al- ting, using the cross-validated moving least squares (CVMLS)

ready existing due to lack of knowledge, inability to represent method [39, 40], is used in this paper.

physics with mathematical expressions, incomplete information,

numerical arithmetic errors, uncertainty, and its propagation, as ) . ) )

illustrated in the following expression 4.1 Optimal Symmetric Latin Hypercube Sampling

In order to construct a metamodel using the CVMLS
method, an appropriate sampling technique is necessary, which

R= 1(x) +&physicst emodeling™ Emetamodeling" édatat preferably usgé)arr)nodest nu?nbgr of sarcilples with the p{nential

€numericst Euncertainty™ €uncertainty propagation to explore nonlinear input/output relationships. Previous studies
have found that uniformity is the most important criterion, while

Approximations and errors are a reality that we must acknowl- the space-filling uniform design is preferable [41, 42]. The opti-

o Ol

7 Copyright 00 2004 by ASME



mal symmetric Latin hypercube (OSLH) technique is used here. monly used form for the weighting function in MLS is
It is an efficient space-filling sampling method for constructing
high gquality metamodels with very few samples. d
A Latin hypercube is a set of points ind dimensions with w(dist(x,x")) = exp<_q S (- x‘j)2> , (14)
the property that the projections on any axis form a uniform grid. =1
A Latin hypercube design (LHD) is anx d matrix, in which

each column is a random permutation(@f2,....n). AnLHD \ypere dist denotes distance, represented here by the square of
has uniform projection properties on any single dimension, and is 4o Euclidean norm. The positive tuning parametezontrols

much more efficient than conventional designs for problems with 6 gegree of localization in MLS regression by scaling the slope
large number of design variables. An LHD is called a symmetric ¢y weighting function.

Latin hypercube design (SLHD) if theth row is the symmetric The predictionf (x) at pointx is
point of the(n+ 1 —i)-th row about the center, i.e., the design is
symmetric about the midpoint.

A randomly selected LHD may act poorly in estimation and f(X) ~ g1s(X) = g ax)be(x) = a (x)b(x),  (15)
prediction if its uniformity in higher than one dimensions is not =1
good. One approach is to use optimal designs according to some
criteria such as entropy [49], integrated mean-squared error [45]
or minimum inter-site distance [50]. The entropy criterion is
equivalent to the minimization of log | C |, whereC is the co-
variance between twd-dimensional vectors andt of a zero-
mean Gaussian procea&); it is defined as

whereb is a basis with a full set of linear polynomials. Since
the weightsa' are functions ok, the coefficienta also depend
onx, and are obtained by solvingnormal equationg%?) =0,
where

g L(g) = in)(g(x‘) —fi)2 (16)
C(st) = ozexp<—9.zl| S —tj |p> , (13) i=

is a residual error functional.

The localized regression using the MLS procedure can be
tuned by adjustingr in Eq. (14). In addition, since the perfor-
mance function could have a different relationship with each in-
put variable, the square of the Euclidean distance in Eq. (14) is
usually replaced by a general parameterized distance formula

whereo, 6 andp are parameters that determine the properties of
Z(x). A design with a smaller entropy value has better uniformity
and is thus considered better.

Finding OSLH designs requires searching the space of all
Latin hypercubes for a design that optimizes some measure of
“uniformity” in two and higher dimensions. The exchange al-

gorithm in [40] has been used in this example for constructing , ; d ;

OSLH designs. dist(x,x') = 5 vj(xj X)), a7
=1

4.2 Cross-Validated Moving Least Squares Thus, the weight function in Eq. (16) can be expressed as

The moving least squares (MLS) method originated in curve
and surface fitting [51]. An advanced CVMLS method was re- _ d _
cently developed [39, 40], and is used in this paper. w(dist(x,x))[, = exp(a > Vil X'j)2> ;. (18)

For a multivariate functionf (x), x' = [X|x,...X,]T
1,2,...,n, represents théth point of n known sample points
scattered in thel-dimensional space. The corresponding func- whered positive weight function parametegamma, ..., yq are
tion value is denoted b = f(x') fori = 1,...,n. The function calculated from minimizing the metamodel prediction error.
f(x) can be approximated ly(x) using a linear combination of A leave-one-out cross-validation procedure is used to com-
basis functions. The fundamental assumption in MLS is that the pute a metamodel prediction error metric such as the cross-
predicted function value at a poirtshould be most strongly in-  validation root mean square error (CV-RMSE) or the cross-
fluenced by the values df at the points<' that are closest to  validation average absolute error (CV-AAE). Every known sam-
x. Therefore, a weighting function is necessary, which decreasesple x' is left out successively, and its value is predicted based on
monotonically as the distance fromto x increases. A com- the remaining known samples. The MLS parameters can be thus
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estimated from solving an unconstrained optimization problem
that minimizes the cross-validation error.

The CVMLS method is used in the simulation-based exam-
ple presented in the next section for its simplicity, computational
efficiency, and effectiveness. Uniformly spaced OSLH samples

Since there are only two levels with only one element in each,
we skip element indices and denote the upper-level element with
subscript 0 and the lower-level element with subscript 1. We use
second indices to denote entries in the design variable vector of
the lower-level element optimization problem. The design prob-

are used in order to ensure the robustness of the cross-validationem is to find optimal mean valugg,, andpy,, for the piston-

error estimate and also to avoid redundant samples. ring and cylinder-liner surface roughness random varialiies
and X3, respectively, and optimal values for the deterministic
design variables representing the material properties (Young’s

5 EXAMPLE modulusx; 3 and hardnessg;4) of the liner that yield minimized

The probabilistic formulation of the ATC process (Prob- expected value of brake-specific fuel consumpfan The op-

lem (3)) is used to solve a simple yet illustrative simulation ex- timal design is subject to constraints on liner wear rate, oil con-

ample. We consider a V6 gasoline engine as the system, which sumption, and blow-by. The power loss due to frictRnlinks

is “decomposed” into a subsystem that represents the piston-the two levels.

ring/cylinder-liner subassembly of a single cylinder. The sys-

tem simulation predicts engine performance in terms of brake-

specific fuel consumption. Although the engine has six cylin-

ders, they are all designed to be identical. For this reason, we

The top- and bottom-level ATC problems are formulated as

i 2, ¢R
only consider one subsystem. u?!?a (E[Ro] —T)"+¢ (19)
The associated bi-level hierarchy, shown in Figure 5, in- o
: : subject to(pg, — E[Ry]")? < €R
cludes the engine as a system at the top level and the piston- _ 1 1) =
ring/cylinder-liner subbassembly as a subsystem at the bottom with  Ro= fo(Ry)
level. The ring/line subassembly simulation takes as inputs the
and
brake-specific fuel consumption
; 2
I min (E[Re] — 144, (20)

HXq 15HXq 25X13,X14
subjectto  P[liner wear rate> 2.4 x 102 m?/g < Py
P[blow-by > 4.25x 10~° kg/s] < P
P[oil consumptior> 15.3 x 103 kg/hr] < P;
P[X11 < 1pm < Py
P[X11 > 10um < P
P[X12 < 1um < Py
P[X]_z > 10|m1 < P
340GPa> x33 > 80 GPa
240BHV > x14 > 150BHV

Ry = f1(X11, X12,X13,X14),

power loss due to friction

oil consumption
[— blow-by
liner wear rate

piston-ring/cylinder-liner
subassembly

liner material properties

ring and liner surface roughness
: (Young’s modulus and hardness)

y

Figure 5. Hierarchical bi-level system

surface roughness of the ring and the liner and the Young’s mod-
ulus and hardness and computes power loss due to friction, oil
consumption, blow-by, and liner wear rate. The root mean square
(RMS) of asperity height is used to represent asperity roughness,
which is assumed to be normally distributed. The engine sim-
ulation takes then as input the power loss and computes brake-respectively. The standard deviation of the surface roughnesses
specific fuel consumption of the engine. Commercial software was assumed to be 1ufn and remained constant throughout the
packages were used to perform the simulations. A detailed de- ATC process. The assigned probability of faillewas 0.13%,
scription of the problem can be found in [30]. which corresponds to the target reliability indgx= 3. The fuel
consumption target was simply set to zero to achieve the best
fuel economy possible.

with

5.1 Problem Formulation
Due to the simplicity of the given problem structure, we will Note that since the random variables are normally dis-
use here a modified version of the notation introduced earlier. tributed, the associated linear probabilistic bound constraints can
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be reformulated as deterministic. For example Table 3. Means and standard deviations of the metamodel relative errors

Response ‘ Mean ‘ Standard deviatior{
P[X11 < 1pum < Pf < P[X11— 1lum< 0] < P; &
0, 0,
by, — 1um lx,, — 1um Power loss 0.37 % 0.77 %
*O0-———)<P(P)=-———<-B& :
Oxyq Oxyq Liner wearrate | 0.72 % 1.32%
—1pm
Hxnc K > B S i, — UM oy, Blow-by 0.37 % 0.63 %
1 Oil consumption | 1.74 % 3.68 %
HMx;; = 1M+ BGXM € Mgy = 4Um .
Fuel consumption| 0.005 % 0.004 %

Similarly, the other three probabilistic bound constraints in Prob-
lem (20) can be reformulated as
Therefore, it was anticipated that the bottom-level optimization
problem would yield a design with as smooth surfaces (low sur-
face roughnesses) as possible.
The probabilistic ATC process of solving Problems (20) and
5.2 Metamodeling and Error Analysis (19) iteratively converged after two iterations. The obtained op-
Five metamodels were developed according to the method- timal ring/liner subassembly design is shown in Table 4. The
ology described in Section 4 to replace the system and subsys-
tem simulations and to predict power loss due to friction, liner

u'Xll < 7I'lm “Xlz > 4Hm; l,lxlz < 7um

wear rate, blow-by, and oil consumption, and brake-specific fuel Table 4. Optimal ring/liner subassembly design
consumption, respectively. An OSLH design with 250 points ’ Variable‘ Description ‘ Value ‘
was used to create the four different, four-dimensional subsys-

tem metamodels, while a 50-point OSLH design was used for X1 Ring surface roughnesgifi | 4.00
the one-dimensional system metamodel. X1 Liner surface roughnessuii | 6.15

Additional optimal symmetric Latin hypercubes were gen-
erated to validate the surrogate models generated based on the
initial ones. Specifically, an OSLH design with 150 points was X14 Liner hardness BHV] 240
generated for the ring-liner simulation and an OSLH design with
40 points was generated for the engine simulation. Both the sim-
ulation models and the CVMLS metamodels were then executed
at the OSLH sample points, and the relative errors were com-
puted according to the formula

X13 Liner Young's modulus,GPd 80

ring surface roughness optimal value is at its probabilistic lower
minimum, while the liner's Young’s modulus and hardness op-
timal values are at their deterministic lower and upper bounds,

respectively.
| responsgimulation— "€SPONSKetamode The liner surface roughness is not, however, at its lower
€= x 100, . ) .
responsgimulation bound because the problem is bounded by the oil consumption

constraint. A certain degree of surface roughness is required to

. : maintain an optimal oil film thickness in order to avoid exces-
The means and standard deviations of the relative errors are sum-

marized in Table 3. The oil consumption metamodel exhibits the sive oil consumption. For this reason, the associated constraint
) . P - is active, and the surface roughness of the liner is an interior op-
largest errors. However, it was found that this is due to one ex-

o : oo timizing argument.
treme outlier in the data. Once this data point is removed, the g argume S . i
: An interesting theoretical issue arises. How do we define
error values drop dramatically. It can be concluded that the ac- _ ... _ . o :
. activity for probabilistic constraints? The definition of constraint
curacy of the metamodels is more than acceptable. In fact, the

- ) . - o activity in deterministic optimization is the following: A con-
additional error they introduce is negligible considering the as- 2 g L L
. o . : : .~ straint is active if removing it or moving its boundary affects the
sumptions and approximations used in the simulation modeling

location of the optimum. In probabilistic design, a constraint

work. is active if the reliability index associated with the constraint's
MPP is equal to the target reliability index. In other words, the
5.3 Results constraint’'s MPP lies on the target reliability circle.
It is desired to minimize power loss due to friction in order A Monte Carlo simulation was performed to assess the ac-

to optimize engine operation and thus maximize fuel economy. curacy of the reliability analyses of the probabilistic constraints.
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One million samples were generated using the mean and stan-to propagate uncertainty for highly nonlinear functions. The fuel

dard deviation values of the design variables, and the constraintsconsumption is almost a linear function of the power loss.
were evaluated using these samples to calculate the probability of

failure. Results are summarized in Table 5. The obtained design ’ ﬂ\
ooss| |
|
Table 5. Reliability analysis results ooss| . [ \“
Constraint ‘ Active ‘ Pz ‘ MCS Ps ‘ 0:: \\ // “\\

Liner wear rate No <0.13% 0% o2 // \/ l\\

Blow-by No <0.13% 0% Dm; ,/“‘ \

Oil consumption| Yes 0.13% 0.16 % 0005 / ““\\

05

is actually 0.03% less reliable than found. This error is due to
the first-order reliability approximation used in the probabilistic
optimization problem. .
Propagation of uncertainty was modeled using the approach ’
described in Section 3.2. Table 6 summarizes the estimated mo-
ments for the two responses of the bi-level hierarchy. The lin-

Figure 6.

Table 6. Estimated moments and errors relative to Monte Carlo simula-

tion (MCS) results for the simulation example

Response | Power loss| Fuel consumption

Hin 0.3950 0.5341
HAMVY 0.3922 0.5431
UvCS 0.3932 0.5432 Figure 7.- Poweriloss hlstogra-m- obtained using Monte Car‘Io S|mulat-|(-)n
(perpendicular axis must be divided by 1,000,000 to obtain probability
&in [%] 0.45 —-0.01 density relative to sample size)
EAMV [%] —-0.25 —-0.01
Ylin 0.0481 0.00757 6 SUMMARY AND CONCLUSIONS
OAMV 0.0309 0.00760 We have presented a methodology for design optimization of
oMCS 0.0311 0.00759 hierarchically decomposeq _ml_JIt|IeveI sy;tems under gncertamty.
We extended the deterministic formulation of analytical target
€lin [%] 54.6 -0.25 cascading (ATC) to account for uncertainties. We modeled the
eamy [%] _0.64 013 propagation of uncertainty in the ATC process by using the ad-

vanced mean value (AMV) method to generate accurate proba-

bility distributions of nonlinear responses. The cross-validated
earization approach results are included to illustrate the large er- moving least squares (CVMLS) metamodeling technique was

ror that this approach introduces to the top-level problem. This used based on optimal symmetric Latin hypercube (OSLH) sam-
happens because the power loss function is highly nonlinear. In pling. Finally, we demonstrated the presented methodology by

fact, its PDF is multi-modal, as illustrated in Figure 6. Figure 7 means of a simple yet illustrative engine design example.
depicts the histogram obtained by Monte Carlo simulation using

The following issues deserve special attention.
one million samples; note that the perpendicular axis of the his-

The proposed methodology for simulation-based optimal
togram must be divided by 1,000,000 to obtain the probability system design by decomposition is not related to multidisci-

density relative to the sample size. The agreement is quite satis-plinary design optimization (MDO) methods in either its deter-
factory and illustrates the usefulness of the AMV-based approach ministic or its probabilistic formulation.
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Stochastic formulations are meaningful only if expectations [8] P.N. Koch, T.W. Simpson, J.K. Allen, and F. Mistree. “Ap-
of nonlinear responses are computed exactly, which requires proximations for multidisciplinary design optimization”.
probability distribution information of the input random vari- Journal of Aircraft 36(1):275-286, 1999.
ables and parameters and accurate multidimensional integra- [9] X. Gu, J.E. Renaud, S.M. Batill, R.M. Brach, and A.S. Bud-
tions. Probabilistic formulations are suggested for practical ap- hiraja. “Worst case propagated uncertainty of multidisci-
plications. plinary systems in robust design optimizatior8tructural
The linearization approach for propagating uncertainties and Multidisciplinary Optimization20(3):190-213, 2000.
yields inaccurate second moment estimations and is inadequate[10] X. Gu, J.E. Renaud, L.M. Ashe, S.M. Batill, A.S. Budhi-
for multilevel optimization under uncertainty since it does not raja, and L.J. Krajewski. “Decision-based collaborative op-
provide probability distribution information that is necessary for timization under uncertainty”. IfProceedings of the 27th
solving higher-level problems. ASME Design Automation Conferendgaltimore, Mary-
Use of metamodels should be exercised only if their accu- land, 2001. Paper no. DETC2000/DAC-14297.
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