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ABSTRACT
Computational models in engineering often use arange of

analysis functions within the same optimization problem, from
finite element models to analytical expressions. The computa-
tional expense of these modelsoften differsby ordersof magni-
tude, and practical optimization algorithms should address this
discrepancy. In this article, in an effort to reduce the number
of expensive analyses, a technique is discussed for modifying
trust region algorithms to utilize the inexpensive functions di-
rectly when calculating iterates. The technique is applied to a
trust region algorithm of Yuan, and two numerical examplesare
given.

NOMENCLATURE
x Vector of design variables.
s Algorithm step or proposed changein design variables.
k Superscript iteration counter.
f (x) Objective function.
h(x) Vector of equality constraints.
g(x) Vector of inequality constraints.
c(x) Vector of both inequality and equality constraints.
i Subspcript denoting that function is inexpensiveto compute.
e Subspcript denoting that function isexpensiveto compte.
j Subspcript for indexing constraints.
Φ(x) Penalty function.
φ(x) Approximateenalty function.

�Address all correspondence to this author.
1

B Hessian estimate.
∆ Trust region radius.
σ Penalty parameter.
γ Cauchy parameter.
δ Cauchy parameter estimate.
+ Superscript denoting constraint violation.
kk∞ Infinity norm.

1 Int roduction
The establishment of nonlinear programming as a common

tool in engineering design has created the need to solve larger
and morecomplex problemswhich use agrowing rangeof com-
puter models. For example, simulating the performance of an
internal combustion engine may include a thermodynamic and
combustion simulation to model combustion, a computationa
fluid dynamics code to model breathing processes, a finite ele-
ment analysis to model the stresses and strains throughout the
engineblock, and so on.

Determining the best possible design must successfully in-
corporate all of the relevant models in an efficient, robust, and
comprehensive manner, casting the optimal design problem in
the form of a nonlinear program (NLP):

minimize f (x)
x 2 ℜn

subject to
g(x)� 0
h(x) = 0

(1)
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(b) Proposed Coupling.

Figure 1. Couplings between an optimizer and the analyses that make

up an optimal design problem.

Although many general purpose algorithms exist, for la
computationally expensive nonlinear programming problems
structure of the design problem must be utilized to find a solu
reliably and efficiently. Many researchers have focused on id
tifying and exploiting certain aspects of model structure. For
ample, Sobieski and Haftka (1997) survey situations commo
the aerospace industry and multidisciplinary optimization, Co
et al. (1992) exploit an algebraic structure known as group pa
separability, and Papalambros (1995) makes use of a stru
known as model-based decomposition.

In this article, the focus is on tailoring an algorithm to a
commodate the relative computational expense of the diffe
models within an NLP formulation. Most optimization alg
rithms require that all functions be evaluated at the same t
a scenario depicted in Figure 1 (a). However, if some functi
within an optimal design problem may use, say, a finite elem
code (taking perhaps five minutes to hours or more to run)
other functions depend upon a second code containing only
alytical expressions (taking perhaps less than a second to
an algorithm should be allowed to evaluate the computation
inexpensive functions substantially more times than the com
tationally expensive model, in an effort to use fewer expen
analyses, as depicted in Figure 1 (b).

Algorithms produce iterates by estimating the results
analysis. For example, in sequential quadratic programm
(SQP) all of the functions are approximated linearly or quadr
cally. The premise here is that, when calculating iterates, the
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proximations of the inexpensive functions can bereplacedwith
the inexpensive functionsthemselves. Conceptually this is sim-
ilar to the work of Alexandrov et al. (1997) and Rodriguez e
al. (1998) in that novel approximations are used for some fun
tions. However, the approximations in this article are determine
explicitly by the computational expense in an effort to tailo
the optimization algorithm to match theexpense structureof the
problem, making the algorithm more efficient.

In the next section, a general technique for taking adva
tage of such computational discrepancy between different mo
els within an NLP is discussed. In Section 3 a trust region alg
rithm of Yuan (1995) is reviewed and then modified. In Section
two numerical examples are presented, followed by the concl
sions in Section 5.

2 The General Technique
To frame the problem in a general manner, it is assumed th

in the NLP (1) the scalar objectivef and the components of the
vector–valued constraintsg andh are sufficiently smooth. The
computationally expensive functions are denoted by a subscr
e, and the computationally inexpensive functions are denoted
a subscripti, so that problem (1) is written as:

minimize fi(x)+ fe(x)
x 2 ℜn

subject to

gi(x)� 0
hi(x) = 0
ge(x)� 0
he(x) = 0

(2)

Often the computationally inexpensive functionsfi , gi and
hi are simply analytical expressions or quick computer routine
which can be evaluated separately from the expensive functio
However, the inexpensive functions may also bepractical con-
straints which represent safeguards that keep iterations fro
wandering into areas where the expensive functions are know
to be inaccurate, uncomputable, or where the analysis crashe

Typically, during each iteration a simple but approximate
model is formulated based on function and gradient values atxk.
This approximate model is used to determine a candidate st
sk, and some appropriate criteria (e. g., a decrease in a pena
function) must be met for the step to be accepted. Because
computationally inexpensive functions are themselves approx
mated, candidate steps may violate some constraints unnec
sarily. Since the most expensive functions may take several o
ders of magnitude more time to compute than the least expe
sive functions, any reasonable modification which would reduc
the number of expensive analyses is warranted. The very si
ple modification proposed here is that when candidate steps
Copyright  1998 by ASME
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calculated, the inexpensive functions be no longer approxima
Instead, the approximations of the inexpensive functions sh
bereplacedby the functions themselves.

Conceptually this is simple. The SQP algorithm of W
son (1963), Han (1976), and Powell (1978) uses a quadratic
gram to calculate candidate iterates, so the step calculation

minimize ∇ f ks+ 1
2sTBks

s2 ℜn

subject to
∇gks+gk � 0
∇hks+hk = 0

(3)

would be replaced with

minimize fi(xk+s)+∇ f k
es+ 1

2sTBks
s2 ℜn

subject to

gi(xk+s)� 0
hi(xk+s) = 0
∇gk

es+gk
e� 0

∇hk
es+hk

e = 0

(4)

As a convention, the superscriptk is used to denote a functio
evaluated atxk, thus∇ f k

e represents∇ fe(xk). When a search
directionsk is based on a quadratic program, one can guara
that there exists some point along the linexk +αsk, 0 < α �
1 which represents an improved design. However, becaus
may be highly nonlinear, there is no longer any guarantee
a line search will be successful. For this reason and others
proposed application here is for trust region algorithms.

In a trust region algorithm the solutions to the approxim
problem are restricted to some region around the current ite
xk. If xk+ sk does not produce the expected improvement, t
the size of the region is reduced. For example, the trust re
algorithm reviewed in Section 3 uses

minimizeφ(s) = ∇ f ks+ 1
2sTBks+σk(∇cks+ck)+k∞

s2 ℜn

subject to ksk∞ � ∆
(5)

to calculate iterates. For brevity, the inequalitiesg and equalities
h have been concatenated into a single vectorcT = [gT ;hT ], σ
is a penalty parameter and the superscript+ denotes the amoun
of violation of a constraint. If the elementcj corresponds to an
equality constraint, thenc+j = jcj j; if cj corresponds to an in
equality constraint, thenc+j = maxf0;cjg, and
3

kc+(x)k∞ = maxf0; max
j=1:::mineq

fgjg; max
j=1:::meq

fjhj jgg (6)

The framework for trust region algorithms allows for som
additional theoretical benefits over line search methods, but s
a discussion is not necessary here. The reader is referred to
nis and Schnabel (1983) or Mor´e (1983).

When the linear and quadratic approximations of the ine
pensive functions are replaced with the inexpensive functio
themselves, (5) becomes:

minimizeφ(s) =

fi(xk+s)
+∇ f k

es+ 1
2sTBks

+σmax

� kc+i (x
k+s)k∞

k(∇ck
es+ck

e)
+k∞

�

s2 ℜn

subject to ksk∞ � ∆

(7)

This model is itself a nonlinear programming problem th
must be solved. Even if the computationally inexpensive fun
tions take extra time to evaluate, it may be possible to solve t
new model in much less time than it takes for a single evaluat
of the expensive functions. Interestingly, (7) is a non-smoo
minimization problem that can be solved by a simplified versi
of Yuan’s algorithm. Care must be taken to ascertain that su
complications are accounted for and do not detract from the ov
all computational savings.

The next section describes the basic elements of a spe
trust region algorithm and the required modifications.

3 Modifying the Trust Region Algorithm
In order to balance improvements in the objective functi

and constraint violations, Yuan’s algorithm (1995) uses the no
smooth penalty function

Φ(x) = f (x)+σkc(x)+k∞ (8)

because a solution to (1) is also a minimizer of (8) if the pena
parameterσ is large enough and a few other mild assumptio
hold.

Candidate steps are calculated by solving the previou
mentioned approximate model (5), where each step is restric
to a region of radius∆. A step is accepted if it decreases th
penalty functionΦ(x), and the trust region radius is altered a
Copyright  1998 by ASME



nc

ad

rac
un

c

(5

sti
ion

e

tio

-

ich
use

be

ing

nd
x-
ght
ex-
re

it-

he
m

-
ex-
to
-
aly-

ing

ing
-
-

hm
al
he
each iteration according to how accurately the approximate fu
tion φ predicts changes in the actual penalty functionΦ using the
rule:

∆k+1 =

8<
:

maxf2∆;4kskk∞g if 0:9< r
∆k if 0:1� r � 0:9
minf∆=4;kskk∞=2g if r < 0:1

(9)

wherer =
Φ(xk)�Φ(xk+sk)

φ(0)�φ(sk)

If the approximate modelφ gives a good prediction ofΦ,
the size of the region is increased, otherwise the region is m
smaller in order to ensure convergence.

For convergence, each iteration must also satisfy the f
tional Cauchy descent property (Powell 1975), which for the
constrained case establishes that there exists some positive
stantγ such that

φ(0)�φ(sk)< γk∇ f (xk)kminf∆k;
k∇ f (xk)k
kBkk g (10)

Yuan uses the parameterδk as an estimate forγ and the related
condition:

φ(0)�φ(sk)< δkσk minf∆k;kc+(xk)k∞g (11)

If (11) does not hold for some iteration, thenσ is increased and
δ is decreased for all future iterations.

The proposed change is that the approximate problem
used to define the stepsk should be modified to directly include
the computationally inexpensive functions, as in (7). This sub
tution, which occurs in Step 2, is the only necessary modificat
The resulting algorithm is given below.

Algorithm 1. The Modified Trust Region Algorithm.

1. Set the outer iteration counter k= 1. Choose somex1 as an
initial point and B1 as an initial Hessian estimate. Defin
the penalty parameterσ1 > 0, trust region radius∆1 > 0,
and an estimate of the Cauchy parameterδ1 > 0.

2. Solve the approximate problem (7) and denote the solu
sk. If sk = 0 then stop.

3. Calculate the penalty functionΦ, approximate penalty func
tion φ and ratio r at the pointxk+sk. If r > 0 go to Step 4,
otherwise set∆k = kskk∞=4, xk+1 = xk, k= k+1, and go to
Step 2.

4. Alter the trust region radius according to (9).
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5. GenerateBk+1 and if (11) does not hold then setσk+1 = 2σk

andδk+1 = δk=4, otherwise setσk+1 = σk andδk+1 = δk.
6. Setxk+1 = xk+sk, k= k+1 and go to Step 2.

Some details omitted for clarity, such as the manner in wh
B is used to estimate only the expensive functions, or the
of a correction step to ensure fast local convergence, can
found in Yuan (1995). Additionally, by modifying Algorithm 1
(specifically, restrainingσ to be constant) it is possible to directly
solve (7).

In the next section, two numerical examples are solved us
both algorithms in order to make a comparison.

4 Example Applications
In this section, two numerical examples are discussed a

solved with the original and modified algorithms. The first e
ample is completely analytic and is used to give some insi
into the performance of the proposed algorithm. The second
ample highlights typical situations in engineering design whe
the proposed algorithm should be found useful.

4.1 A Hock and Schittkowski Example
The example is Problem No. 7 from the Hock and Sch

tkowski collection (1981):

minimize ln(1+x2
1)�x2

x 2 ℜn

subject to(1+x2
1)

2+x2
2�4= 0

(12)

For illustrative purposes, the inexpensive functions will be t
polynomials and the single “expensive” function will be the ter
ln(1+x2

1). The starting values ofx1 = [2;2]T , σ1 = 1:0,∆1 = 1:0,
andδ1 = 0:1 were used. Yuan’s original algorithm required a to
tal of 39 separate analyses from both the expensive and the in
pensive functions (including those used for finite differences)
locate the solutionx� = [0;

p
3]T . In contrast, the proposed algo

rithm needed 29 expensive analyses and 176 inexpensive an
ses.

The reason for this improvement can be found by examin
the contour lines of the different approximate modelsφ in Fig-
ure 2. Figure 2 (b) portrays the approximate model used dur
the first iteration of Yuan’s original algorithm. Although mini
mizing φ in Figure 2 (b) will lead to an improvement in the ac
tual penalty functionΦ shown in Figure 2 (a), the two figures
do not appear to be similar. Conversely, the proposed algorit
minimizes theφ shown in Figure 2 (c), which matches the actu
penalty function much more closely. In fact, it is evident that t
initial trust region radius of∆ = 1:0 was conservative.
Copyright  1998 by ASME
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4.2 Valve Event Optimization of an IC Engine
MANDY (Chapman et. al. 1982) is a proprietary code o

Ford Motor Co. used to analyze one-dimensional wave dyna
ics within the intake and exhaust manifold of gasoline engin
MANDY can be used to predict the torque at wide open thro
tle as a result of the compression waves inside the manifolds
the engine given a valve-lift profile and manifold geometry of a
engine.

The six variables used in this study are the opening and cl
ing times (θio, θic, θxo andθxc) and maximum lifts (hi andhx) of
both the intake and exhaust valve-lift profiles. In order to gua
antee the life and durability of the valve train, the valve accel
ations (ai,max andax,max ) and decelerations (di,max anddx,max )
must stay within certain predefined limits. However, the torq
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(a) Actual Functions
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Figure 2. Contour lines for the penalty function Φ and the various ap-

proximations φ used to calculate iterates during the first iteration of the

example in Section 4.1. The values σ = 1 and ∆ = 1 were used.
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Figure 3. The MANDY analysis.

produced by the engine also depends on the valve events, so
the analyses is represented by Figure 3.

The goal of the study was to determine the valve events a
maximum lifts which maximize the torque of a single-cylinde
engine operating at 5000 RPM while keeping the valve-lift pr
file within acceptable limits. Thus, the optimization problem ca
be stated as

maximize T
5000 RPM

(θio;θic;θxo;θxc;hi;hx)

θio;θic;θxo;θxc;hi ;hx

subject to

ai,max(θio;θic;hi)�ai,lim � 0
ax,max(θxo;θxc;hx)�ax,lim � 0
di,lim �di,max(θio;θic;hi)� 0
dx,lim �dx,max(θxo;θxc;hx)� 0

(13)

Depending upon the computer architecture, the type of m
ifold, the number of cylinders and the simulated engine speed
single MANDY analysis may take anywhere between thirty se
onds to an hour. However, another program that checks the
locities and accelerations of the valves takes much less tha
second.

Using the same starting values for both algorithms, Yua
algorithm found the optimum using 274 MANDY analysis (in
cluding those used for finite differences) whereas the propo
algorithm only required 139 MANDY analyses. This improve
ment is very attractive in practive, allowing for optimization t
be performed overnight instead of requiring a few days.

5 Conclusions
In optimal design it is common to use computer mode

of varying complexity to formulate the design problem. Th
Copyright  1998 by ASME
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main premise of this article was that computationally inexpens
functions can be used directly when calculating iterates in an o
timization algorithm. Subsequent iterates are then more accu
and the overall algorithm requires fewer expensive analyses.

Naturally, this will increase the number of inexpensive ana
yses required. Therefore some judgment is necessary when
ignating which functions are to be considered inexpensive vs.
pensive. Nonetheless, the technique presented addresses a
mon problem in practical design situations and has the poten
to increase the robustness and efficiency of some optimizat
algorithms.
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