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Abstract
Bus is one of the most publication transportations, which plays a vital role in people’s life.
Hence, how to set bus stop becomes pivotal to the bus system. For this project, I
considered a certain area with different living locations and one common destination. In
order to minimize the whole cost to the destination, the bus stops have to be well
distributed. Taking time that is needed to the destination as the cost, I successfully
obtained the bus stop distribution by using MultiStart in Matlab to search global
minimum point.

1. Introduction
Public transportation can greatly facilitate people’s life in most of countries. From the
perspective of environment, public transportation is more environment-friendly, which
can reduce the emission of Carbon Dioxide and other toxic gases due to its large hold
volume, compared to cars. Politically, the transportation funding budget is competitive
increasingly these days[1]. The optimal distance between bus stops seems significant for it
can not only decrease the budget, minimizing the cost, but also enhance the accessibility
to bus transportation.
A number of efforts have been made to optimize the distance between bus stops. The first
related study was simply based on demand distribution, mainly considering bus patron’s
convenience, safety and access time, as well as the efficiency of the bus company[2].Furth
and Rahbee employed dynamic programming and geographic modeling to study the
optimal bus stop distance[3]. Firstly, they determined a geographic model to recapitulate
the bus demand distribution via observing existing bus stops. Then, a dynamic
programming algorithm was applied to obtain the optimal bus stop distance. A model has
been built by Saka, based on the fundamental relationships among velocity, uniform
acceleration/deceleration and displacement, average bus operating speed, etc., to look for
optimal distance between bus stops[4]. Ángel developed a bi-level optimization model to
get bus stops in order to minimize the social cost of the transport system[5].
Intuitively speaking, closely designed bus stops can provide a short distance for people,
however, increases the time cost and fuel cost for the bus company. Nevertheless, large
distance distributed bus stops will potentially induce the decrease of the bus company’s
profit as a result of the loss of some passengers and also increases the cost of passengers.
This paper built a model to finalize the optimum bus stops on a 2-D map considering the
population density distribution. In the model, the whole cost is divided into three parts:
1. Access cost: time that passengers need to walk to the nearest bus stop.
2. Riding cost: time in the bus.
3. Final cost: time that passengers need to walk to the destination.

To optimize the bus stop distribution, assumptions are made as follow:
1. There are four living locations and one common destination.
2. All people want to go to the same destination.
3. Passengers can go to the nearest bus stop.
4. There is only one bus route, running in a certain direction.
5. There are five bus stops in this area.
6. The area is defined as x [1,1], y [1,1] .
7. The population density function is based on Clark model.

2. Design Problem
2.1 Problem Statement
The dense distribution of bus stops will no doubt facilitate people’s life, enhancing the
accessibility to bus and thus reducing the number of cars on the road. However, this, in
turn, adds more burdens to government budget or decreases the profits of the bus
company. Also, frequent acceleration/deceleration due to closely spaced bus stops, will
not only cause damage to buses, but also reduce the degree of satisfaction of taking bus.
Although a sparse distribution of bus stops can save money for the bus company or the
government, it may lose current and potential passengers, which in turn, decreases the
profit of the bus company; and increase the cost of users,
Traditionally, the bus stop models mainly focus on one -dimension model, which may
omit some details about true story[1]. Therefore, this model concentrates on twodimension model that can better mimic the true situation.

2.2 Mathematical Model
2.2.1 Notations
Matrix S : the coordinate matrix of bus stops, 5 by 2;
Matrix l: the living location matrix, 4 by 2;
Matrix P0: population density at the center of living locations, 4 by 1;
Matrix r0: characteristic radii of four living locations, 4 by 1;
Ca : the access cost;
Cr : the riding cost;
Cf : the final cost;
C : the total cost;
P(x,y): population density function;
V : average velocity of the bus;
v : average velocity of people walking, around 1.2 m/s.

2.2.2 Objective function
First, I just take infinitesimal, ΔA(x, y), as study object. Hence, for this ΔA(x, y), three
costs are as follow:


Access cost

Access cost is time that is needed to the nearest bus stop from ΔA(x, y),

[ΔCa , idx] =

min S(i,:) - ΔA(x, y)
v

idx returns the bus stop number, which is used to compute riding cost.


Riding cost

Riding cost refers to the time in the bus, which can be given as follow:
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Final cost:

Final cost is the time from last stop to destination, which is:
ΔC f =



norm(S(5,:))
v

The number of people in

According to Clark model[6], Pi  P0 exp(r / r0 ) . Here, r0 is city characteristic radius; P0 is
population density in city center. The number of people in ΔA(x, y) is:
4

ΔP =( P0i exp(-ri /r0i ))dxdy, where ri = norm(l(i,:)-A(x,y))
i=1



The cost of ΔA(x, y)

Hence, the cost of ΔA(x, y) is given by:

C  P *(Ca  Cr  C f )

The whole cost will be:
4

C= 

1



1

-1 -1

 |S(i+1,:)-S(i,:)|

(

min|S(i,:)-ΔA(x,y)| i=idx
+
v

V

+

norm(S(5,:)) 4
)( P0i exp(-ri /r0i ))dxdy
v
i=1

Here, the whole cost is the function of bus stop coordinates.

2.2.3 Constraints and parameters
There is no extra constraint except upper bound and lower bound.
-1 <= x, y <= 1;
v = 4.32;
V = 72;
P0 = [0.8, 1, 0.8, 2]’;
r0 = [0.1, 0.1, 0.1, 0.1]’;
l=
0.4330
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3. Design optimization and discussion
Using “fmincon” with upper bound and lower bound, I got the optimal result as follow:
S=
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Figure-1: optimal result with local solution
Figure 1 shows the bus stop distribution on the contour plot of population density
function. As expected, there is a bus stop near the destination and other bus stops locate
near the living locations. However, there is a large shift for bus stop (stop 3) compared to
living location 3. As for the whole cost, the Fval is 0.0154, compared to cost, 0.0156,
which was computed by taking living locations as variables for the whole cost. From this
perspective, I found a local minimum point. Next, in order to find the global minimum
point, I employed “MultiStart” slover. S matrix was obtained and displayed as:
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Figure-2: optimal solution with global solution
Figure-2 displays a better result compared to local solution (Figure 1). And also, for the
Fval(global solution) equals 0.0150, which is smaller than Fval(local solution, 0.0154).
As predicted, the bus stops should locate near living location and destination. Because the
population density of living locations are largest and bus stop near destination can
minimize the final cost, although slightly increase the riding cost. This is due to the
perturbation of other living locations’ population density.

In order to test the robustness of the algorithm, the coordinates of living locations were
changed to:
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Figure 3 demonstrates that the algorithm is able to respond to the changed living
locations and gives the optimal distribution of bus stops.

Figure-3: optimal solution with changed living locations

Furthermore, the number of living locations was also taken into consideration. To test the
feasibility, one living location was added to the original system. And the Figure-4 shows
a good result given by the algorithm.

Figure-4: optimal result with five living locations
These two tests have demonstrated the robustness of the algorithm, which can deal with
changed living locations and more living locations. This implies that the algorithm can be
applied to more complex systems. For the future work, the bus route and waiting time in
the bus stops should also be added to the system in order to better mimic the real word
and give a more realistic solution to the bus system.
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